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Abstract: In this paper, we study the global well-posedness of classical solutions to the
2D compressible MHD equations with large initial data and vacuum. With the assumption
µ = const. and λ = ρβ , β > 1 (Vaˇigant-Kazhikhov Model) for the viscosity coefficients,
the global existence and uniqueness of classical solutions to the initial value problem is
established on the torus T2 and the whole space R2 (with vacuum or non-vacuum far fields).
These results generalize the previous ones for the Vaˇigant-Kazhikhov model of compressible
Navier-Stokes.
KeyWords: compressible MHD equations, global classical solutions, density-dependent
viscosity, large data, vacuum.
1 Introduction and Main Results
In this paper, we study the following compressible isentropic magnetohydrodynamic
equations which describe the motion of conducting fluids in an electromagnetic field in a
domain Ω of R2

ρt + div(ρu) = 0,
(ρu)t + div(ρu⊗ u) +∇P (ρ) = H · ∇H − 12∇|H|2 + Lρu, x ∈ Ω, t > 0
Ht + u · ∇H −H · ∇u+Hdivu− ν∆H = 0, divH = 0,
(1.1)
where ρ(t, x) ≥ 0, u(t, x) = (u1, u2)(t, x),H(t, x) = (H1,H2)(t, x) represent the density, the
velocity and the magnetic field respectively, and the pressure P is given by
P (ρ) = Aργ , γ > 1. (1.2)
In the sequel, we set A = 1 without loss of generality. The operator Lρ is defined by
Lρu = µ∆u+∇((µ+ λ(ρ))divu) (1.3)
where the shear and bulk viscosity coefficients µ, λ are assumed to satisfy
µ = const. > 0, λ(ρ) = ρβ. (1.4)
such that Lρ is strictly elliptic. Moreover, the magnetic diffusive coefficient ν > 0 is a given
positive constant.
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There are extensive studies on the well-posedness theory of MHD system when the
viscosity coefficients are both constant. The local existence and uniqueness of strong solu-
tions were obtained by Vol’pert-Hudjaev [44] as the initial density is strictly positive and
by Fan-Yu [16] as the initial density may contain vacuum. Kawashima [33] first obtained
the global existence and uniqueness of classical solutions when the initial data are close to
a non-vacuum equilibrium in H3-norm. For general large initial data, Hu-Wang [21, 22]
proved the global existence of weak solutions with finite energy in the Lion’s framework for
compressible Navier-Stokes equations[36], provided the adiabatic exponent γ suitable large.
Recently, Li-Xu-Zhang[34] established the global existence and uniqueness of classical so-
lutions to the Cauchy problem for the isentropic compressible MHD system in 3D with
smooth initial data which are of small energy but possibly large oscillations and vacuum.
This generalize the result for compressible Navier-Stokes obtained by Huang-Li-Xin[25].
The density-dependent viscosity models has received a lot attention recently in particular
for the compressible Navier-Stokes equations where the effect of magnetic field was ignored in
the MHD system, refer to [2–4, 20, 28, 32, 35, 37, 38, 45–47] and the references therein. Such
models can be derived from the Boltzmann equations by the Chapman-Enskog expansions
where the viscosity coefficients depend on the temperature so that depending on the density
for isentropic flows[35]. Moreover, the viscous Saint-Vanant system for shallow water model
can be expressed exactly in the form of density-dependent viscosity[15]. However, the
progress for multi-dimensional problems of density-dependent viscosity model is very limited
since the high degeneracy of equations except for the existed difficulties for compressible
Navier-Stokes. The global existence of weak solutions to the compressible Navier-Stokes
equations with density-dependent viscosities also remains open, except for symmetric data
case[20] and the L1 stability results[37]. It is remarkable that Kazhikhov-Vaˇigant[43] first
proposed and studied the global well-posedness of strong solutions uniformly away from
vacuum for the two-dimensional periodic problem for compressible Navier-Stokes equation
with the special viscosity coefficients, that is, µ being a positive constant and λ = ρβ, β > 3.
Moreover this is the first ever global strong solutions with no restrictions on the size of
initial data in multidimensional space. Recently, there are some generalized results for this
Vaˇigant-Kazhikhov model of viscosity coefficients with initial data permitting vacuum, for
example, Jiu-Wang-Xin[29] and Huang-Li[23] proved the global existence and uniqueness of
classical solutions to the periodic problem of this model for β > 3 and β > 43 respectively.
Huang-Li[24] and Jiu-Wang-Xin[31] established the global well-posedness theory to Cauchy
problem of this model for β > 43 with vacuum and non-vacuum at fat fields respectively.
More recently, Huang-Wang[26] took full advantage of the Brezis-Wainger inequality to
generalize the results to β > 1 which seems to be the extremal case for the global well-
posedness of the Vaˇigant-Kazhikhov model of viscosity coefficients for the compressible
Navier-Stokes equations.
In this paper, we consider the initial value problem (IVP) of Vaˇigant-Kazhikhov model
of viscosity coefficients for the MHD system (1.1) in the domain Ω either be the periodic
one T2 or the whole space R2 with supplement initial data
(ρ, u,H)(x, t = 0) = (ρ0, u0,H0), x ∈ Ω (1.5)
Furthermore, we also impose the following far fields when Ω = R2:
(ρ0, u0,H0)→ (ρ˜ ≥ 0, 0, 0), as |x| → ∞. (1.6)
2
The main results in this paper can be stated as follows. The first result concerning the
period problem reads as
Theorem 1.1. If β > 1 and the initial data (ρ0, u0,H0) satisfy
0 ≤ ρ0 ∈W 2,q(T2) ∩ L1(T2), (u0,H0) ∈ H2(T2)×H2(T2) (1.7)
for some q > 2 and the compatibility condition
µ∆u0 +∇((µ+ λ(ρ0))divu0)−∇P (ρ0) + (∇×H0)×H0 = √ρ0g (1.8)
with some g ∈ L2(T2). Then there exists a unique global classical solution (ρ, u,H) to the
compressible MHD equation (1.1) and (1.5) satisfying
0 ≤ ρ(t, x) ≤ C,∀(t, x) ∈ [0, T ] × T2, (ρ, P (ρ)) ∈ C([0, T ];W 2,q(T2)),
ρt ∈ C([0, T ];Lq(T2)), (u,H) ∈ C([0, T ];H2(T2)) ∩ L2(0, T ;H3(T2)),√
t(u,H) ∈ L∞(0, T ;H3(T2)), t(u,H) ∈ L∞(0, T ;W 3,q(T2)), (1.9)
(ut,Ht) ∈ L2(0, T ;H1(T2)),
√
t(ut,Ht) ∈ L2(0, T ;H2(T2)) ∩ L∞(0, T ;H1(T2)),
t(ut,Ht) ∈ L∞(0, T ;H2(T2)),
√
t(
√
ρutt,Htt) ∈ L2(0, T ;L2(T2)),
t(
√
ρutt,Htt) ∈ L∞(0, T ;L2(T2)), t(∇utt,∇Htt) ∈ L2(0, T ;L2(T2))
for any 0 < T <∞.
Remark 1.2. If the initial data contains vacuum, then it is natural to impose the compati-
bility condition (1.8) as the case of constant viscosity coefficients in [8]. This is also natural
for the whole space case in Theorem 1.4 and Theorem 1.6..
Remark 1.3. It should be mentioned here that it seems that β > 1 obtained here is the
extremal case for the MHD system (1.1) (c.f. Lemma 3.5) for global theory of classical
solutions. The same for the whole space case in Theorem 1.4 and Theorem 1.6.
Concerning the Cauchy problem in R2 with the initial data of vacuum far fields (ρ˜ = 0),
we can obtain that
Theorem 1.4. If β > 1 and the initial data (ρ0, u0,H0) satisfy
0 ≤ (ρ0, P (ρ0)) ∈W 2,q(R2)×W 2,q(R2), (u0,H0) ∈ H2(R2)×H2(R2),
ρ0(1 + |x|α1) ∈ L1(R2),√ρ0u0(1 + |x|
α
2 ) ∈ L2(R2),∇u0|x|
α
2 ∈ L2(R2), (1.10)
for some q > 2 and the weights 0 < α < 2
√√
2− 1, α < α1 and the compatibility condition
µ∆u0 +∇((µ+ λ(ρ0))divu0)−∇P (ρ0) + (∇×H0)×H0 = √ρ0g (1.11)
with some g(1+|x|α2 ) ∈ L2(R2). Then there exists a unique global classical solution (ρ, u,H)
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to the compressible MHD equation (1.1) and (1.5)-(1.6) satisfying
0 ≤ ρ(t, x) ≤ C,∀(t, x) ∈ [0, T ] × R2, (ρ, P (ρ)) ∈ C([0, T ];W 2,q(R2)),
ρ(1 + |x|α1) ∈ C([0, T ];L1(R2)),√ρu(1 + |x|α2 ),√ρu˙(1 + |x|α2 ) ∈ C([0, T ];L2(R2)),
∇u|x|α2 ∈ C([0, T ];L2(R2)), (u,H) ∈ C([0, T ];H2(R2)) ∩ L2(0, T ;H3(R2)),√
t(u,H) ∈ L∞(0, T ;H3(R2)), t(u,H) ∈ L∞(0, T ;W 3,q(R2)), (1.12)
(ut,Ht) ∈ L2(0, T ;H1(R2)),
√
t(ut,Ht) ∈ L2(0, T ;H2(R2)) ∩ L∞(0, T ;H1(R2)),
t(ut,Ht) ∈ L∞(0, T ;H2(R2)),
√
t(
√
ρutt,Htt) ∈ L2(0, T ;L2(R2)),
t(
√
ρutt,Htt) ∈ L∞(0, T ;L2(R2)), t(∇utt,∇Htt) ∈ L2(0, T ;L2(R2))
for any 0 < T <∞.
Remark 1.5. The weight imposing on the velocity field was indicated by Jiu-Wang-Xin [30]
which is used to overcome the failure of Poincare´-type inequality for unbounded domain.
However, we also can obtain the spatial weighted estimate of the density provide that it
initially has one. This is motivated by the decay of density for large value of the spatial
variable x. We can refer to Huang-Li [24] for more details
If the initial data of the density has non-vacuum far fields, i.e. ρ˜ > 0, then the following
results can be obtained
Theorem 1.6. If β > 1, 1 < γ ≤ 2β, and the initial data (ρ0, u0,H0) satisfy
0 ≤ (ρ0 − ρ˜, P (ρ0)− P (ρ˜)) ∈W 2,q(R2)×W 2,q(R2), (u0,H0) ∈ H2(R2)×H2(R2),
Ψ(ρ0, ρ˜)(1 + |x|α) ∈ L1(R2),√ρ0u0(1 + |x|
α
2 ) ∈ L2(R2), (1.13)
for some q > 2 and the weights 0 < α2 <
4(
√
2+
λ(ρ˜)
µ
−1)
1+
λ(ρ˜)
µ
, and the compatibility condition
µ∆u0 +∇((µ+ λ(ρ0))divu0)−∇P (ρ0) + (∇×H0)×H0 = √ρ0g (1.14)
with some g ∈ L2(R2). Then there exists a unique global classical solution (ρ, u,H) to the
compressible MHD equation (1.1) and (1.6) satisfying
0 ≤ ρ(t, x) ≤ C,∀(t, x) ∈ [0, T ]× R2, (ρ− ρ˜, P (ρ)− P (ρ˜)) ∈ C([0, T ];W 2,q(R2)),
Ψ(ρ, ρ˜)(1 + |x|α) ∈ C([0, T ];L1(R2)),√ρu(1 + |x|α2 ) ∈ C([0, T ];L2(R2)),
(u,H) ∈ C([0, T ];H2(R2)) ∩ L2(0, T ;H3(R2)),√
t(u,H) ∈ L∞(0, T ;H3(R2)), t(u,H) ∈ L∞(0, T ;W 3,q(R2)), (1.15)
(ut,Ht) ∈ L2(0, T ;H1(R2)),
√
t(ut,Ht) ∈ L2(0, T ;H2(R2)) ∩ L∞(0, T ;H1(R2)),
t(ut,Ht) ∈ L∞(0, T ;H2(R2)),
√
t(
√
ρutt,Htt) ∈ L2(0, T ;L2(R2)),
t(
√
ρutt,Htt) ∈ L∞(0, T ;L2(R2)), t(∇utt,∇Htt) ∈ L2(0, T ;L2(R2))
for any 0 < T <∞.
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Remark 1.7. As remarked by Jiu-Wang-Xin in [31], if λ(ρ˜) < 7µ, one has
4(
√
2+
λ(ρ˜)
µ
−1)
1+
λ(ρ˜)
µ
.
Then we can choose a weight α satisfying 1 < α2 <
4(
√
2+λ(ρ˜)
µ
−1)
1+
λ(ρ˜)
µ
. In this case, the condition
γ ≤ 2β in Theorem 1.6 can be removed.
Remark 1.8. If ρ˜ = 0, then
4(
√
2+λ(ρ˜)
µ
−1)
1+λ(ρ˜)
µ
= 4(
√
2− 1). This is exactly same as the result
in Theorem 1.4.
We now comment on the analysis of this paper. Since the local well-posedness of classi-
cal solutions to the MHD system can be achieved as in [16, 42, 44] with given smooth initial
data. One can only need to derive the a priori estimate to extend the local solution to global
in time one. The key issue of the a priori estimate is to obtain the uniform upper bound of
the density. Since the magnetic field is strongly coupled with the velocity field of the fluid in
the compressible MHD system, some new difficulties arise in comparison with the problem
for the compressible Navier-Stokes equations studied in [23, 24, 29, 30, 43]. The following
key observations help us to deal with the interaction of the magnet field and the velocity
field very well. First, we give the L∞t L
p
x (p ≥ 2) estimate of the magnetic field H based
on the elementary energy estimates for the equations (1.1) and the standard Lp estimates
of the parabolic equation (1.1)3. With this observation at hand, we can follow the ideas of
elliptic estimates and standard Lp estimate for transport equation, which are developed in
[29, 30, 43], to derive the crucial L∞t L
p
x (p ≥ 2) of the density. To derive the upper bound
of the density, we take full advantage of the ideas developed for compressible Navier-Stokes
equations in Huang-Li[23, 24]. That is, first, we show that log(1 + ‖∇u‖2 + ‖∇H‖2) is
bounded by a power function of ‖ρ‖∞ by energy type estimates (in particular estimate
of effective viscous flux) and the compensated compactness analysis; then rewriting the
momentum equation (1.1)2 as the form in terms of a sum of commutators of Riesz trans-
forms and the operators of multiplication by ui,Hi and using the W
1,p-estimate of the
commutator due to Coifman-Meyer [9] and the estimate of momentum ‖ρu‖p, we obtain
an estimate on the L1(0, T ;L∞) of the commutators in terms of ‖ρ‖∞; finally the Brezis-
Wainger inequality gives the key upper bound of the density provided β > 1. However, for
the compressible MHD system, the new term H · ∇H · u˙ comes out in the process of the
estimate for log(1 + ||∇u||2 + ||∇H||2) in terms of ||ρ||∞ which is crucial in [23, 24]. We
observe that this terms can be calculated by integration through parts and reduced into the
L2tL
2
x estimate of ∇2H. Moreover, the L2tL2x estimate of ∇2H can be derived by standard
energy estimate through multiplying the magnet equation (1.1)3 by ∆H. The rest of this
thesis is organized as follows. We first recall some preliminary lemmas in the next section.
Section 3 and 4 concerning the a priori estimates is the main parts of this paper. In section
3, we give the complete lower and higher order estimates for the (IVP) in T2. However, we
skip fully detailed estimates for simplicity and just show the key weighted estimate for the
(IVP) in R2 to overcome the failure of Poincare´-type inequality. We can refer to [30, 31]
and Section 3 for more details. The proof of main results is proved in the final section.
Notations: Throughout this paper, positive generic constants are denoted by C, which
may change line by line. The small constant to be chosen is denoted by ε, σ and δ. For
functional spaces, Lp(Ω), 1 ≤ p ≤ ∞, denotes the usual Lebesgue spaces on Ω with the Lp
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norm denoted by ‖‖p. W k,p(Ω) denotes the standard Sobolev space and Hk(Ω) := W k,2(Ω).
2 Preliminaries
The well-known local existence theory for the MHD equations with constant viscosity
coefficients, where the initial density is strictly away from vacuum, can be found in [16,
42, 44]. The similar way, that is, using linearization, Schauder fixed point theorem and
borrowing a priori estimates in sections 2.3-2.4, can gives the following local existence of
classical solutions for the bulk viscosity λ be the power of the density. We omit the details
here for simplicity.
Lemma 2.1. Under the assumptions of Theorem (1.1)-(1.6), there exists a T∗ > 0 and a
unique classical solution (ρ, u,H) to (1.1) − (1.6) satisfying the regularity properties (1.9),
(1.12) and (1.15)with T replaced by T∗
Several elementary Lemmas are used frequently later. The first ones are the Gagliardo-
Nirenberg inequality with best constant and the Sobolev inequality.
Lemma 2.2. (1)([39])For any h ∈ W 1,m0 (T2) or h ∈ W 1,m(T2) with
∫
T2
hdx = 0 or h ∈
W 1,m(R2) ∩ Lr(R2), it holds that
‖h‖q ≤ C‖∇h‖θm‖h‖1−θr , (2.1)
where θ = (1r− 1q )(1r− 1m+ 12)−1, and if m < 2, then q ∈ [r, 2m2−m ], if m = 2, then q ∈ [r,+∞),
if m > 2, then q ∈ [r,+∞]. In particular, for any f ∈ H1(T2) with ∫
T2
fdx = 0 or
f ∈ H1(R2), it holds for any p ∈ [2,+∞) that
‖f‖p ≤ C‖f‖
2
p
2 ‖∇f‖
p−2
p
2 . (2.2)
(2)([13])(Best constant for the Gagliardo-Nirenberg inequality)
For any h ∈ Dm(R2) := {h ∈ Lm+1(R2)|∇h ∈ L2(R2), h ∈ L2m(R2)} with m > 1, it holds
that
‖h‖2m ≤ Am‖∇h‖θ2‖u‖1−θm+1, (2.3)
where θ = 12 − 12m and
Am = (
m+ 1
2π
)
θ
2 (
2
m+ 1
)
1
2m ≤ Cm 14
with the positive constant C independent of m, and Am is the optimal constant.
The following Lemma is the Sobolev-Poincare´ inequality.
Lemma 2.3. (1)([19]) For any h ∈ W 1,m0 (T2) or h ∈ W 1,m(T2) with
∫
T2
hdx = 0 or
h ∈W 1,m(R2), if 1 ≤ m < 2, then
‖h‖ 2m
2−m
≤ C(2−m)− 12 ‖∇h‖m, (2.4)
where the positive constant C is independent of m.
(2)([17]) Let v ∈ H1(T2), and let ρ be a non-negative function such that
0 < M ≤
∫
T2
ρdx,
∫
T2
ργdx ≤ E0 (2.5)
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with γ > 1. Then there exists a constant C depending solely on M,E0 such that
‖v‖22 ≤ C(
∫
T2
ρv2dx+ ‖∇v‖22). (2.6)
Next, the following Caffarelli-Kohn-Nirenberg weighted inequalities is crucial to the
weighted estimates in the two-dimensional Cauchy problem on the whole space R2.
Lemma 2.4. (1)([6]) For any h ∈ C∞0 (R2), it holds that
‖|x|κh‖r ≤ C‖|x|α|∇h|‖θp‖|x|βh‖(1−θ)q (2.7)
where 1 ≤ p, q < +∞, 0 < r < +∞, 0 ≤ θ ≤ 1, 1p+ α2 > 0, 1q + β2 > 0, 1r + κ2 > 0 and satisfying
1
r
+
κ
2
= θ(
1
p
+
α− 1
2
) + (1− θ)(1
q
+
β
2
), (2.8)
and
κ = θσ + (1− θ)β,
with 0 ≤ α− σ if θ > 0 and 0 ≤ α− σ ≤ 1 if θ > 0 and 1p + α−12 = 1r + κ2 .
(2)([7])(Best constant for Caffarelli-Kohn-Nirenberg inequality)
For any h ∈ C∞0 (R2), it holds that
‖|x|bh‖p ≤ Ca,b‖|x|a∇h‖2 (2.9)
where a > 0, a − 1 ≤ b ≤ a and p = 2a−b . If b = a − 1, then p = 2 and the best constant in
the above inequality is Ca,b = Ca,a−1 = a.
The following weighted-Lp-estimates can be proved through the Ap-weighted theory in
Stein[41](or see[30])
Lemma 2.5. (1) It holds that for any 1 < p < +∞ and u ∈ C∞0 (R2),
‖∇u‖p ≤ C(‖divu‖p + ‖ω‖p); (2.10)
(2) It holds that for 1 < p < +∞,−2 < α < 2(p− 1) and u ∈ C∞0 (R2),
‖|x|αp |∇u|‖p ≤ C(‖|x|
α
p divu‖p + ‖|x|
α
p ω‖p). (2.11)
The following Brezis-Wainger inequalities and properties of the commutator [b,RiRj](f)
will be used to derive the upper bound of the density ρ.
Lemma 2.6. ([5, 14]) Let Ω be T2 or R2. For q > 2, there exists a positive constant C
depending only on q such that every function v ∈W 1,q(Ω) satisfies
‖v‖∞ ≤ C‖∇v‖2 log
1
2 (e+ ‖∇v‖q) + C‖v‖2 + C. (2.12)
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Lemma 2.7. ([9, 10]) Let b, f ∈ C∞(T2) or C∞0 (R2). Then for p ∈ (1,+∞), there exists
a constant C(p) such that
‖[b,RiRj](f)‖p ≤ C‖b‖BMO‖f‖p. (2.13)
Moreover, for qk ∈ (1,+∞)(k = 1, 2, 3) with 1q1 = 1q2 + 1q3 , there exists C depending on qk
such that
‖∇[b,RiRj ](f)‖q1 ≤ C‖∇b‖q2‖f‖q3 , (2.14)
where [, ] and Ri are standard Lie bracket and Riesz transform respectively, that is,
[b,RiRj ](f) := bRi ◦Rj(f)−Ri ◦Rj(bf), i, j = 1, 2.
The following Beale-Kato-Majda type inequality[1, 27] will be crucial to derive the first
order derivative estimate of u.
Lemma 2.8. For 2 < q < +∞, there exists a positive constant C may depend on q such
that the following estimate holds for all ∇u ∈W 1,q(T2) or W 1,q(R2) ∩ L2(R2),
‖∇u‖∞ ≤ C(‖divu‖∞ + ‖ω‖∞) log(e+ ‖∇2u‖q) + C‖∇u‖2 + C. (2.15)
Finally, the following well-known Aubin-Lions Lemma is the key to guarantee that the
solution with regularity shown in (1.9), (1.12) and (1.15) is a classical solution.
Lemma 2.9. ([40]) Let X,Y,Z be three Banach spaces with X ⊂ Y ⊂ Z. Suppose that X
is compactly embedded in Y and that Y is continuously embedded in Z.
(1) Let G be bounded in Lp(0, T ;X) where 1 ≤ p < +∞, and ∂G∂t be bounded in
L1(0, T ;Z). Then G is relatively compact in Lp([0, T ];Y ).
(2) Let F be bounded in L∞(0, T ;X) and ∂F∂t be bounded in L
r(0, T ;Z) where r > 1.
Then F is relatively compact in C([0, T ];Y ).
3 A priori estimates(I)
In this section, we will give the a priori estimates for the (IVP) of (1.1) and (1.5) on the
periodic domain T2 under the assumption inf
x∈T2
ρ0 ≥ δ > 0. These estimates is uniform with
respect to δ.
3.1 Lower and Upper bound of ρ
First, we derive the elementary energy estimates.
Lemma 3.1. There exists a positive constant C only depending on (ρ0, u0,H0), such that
sup
0≤t≤T
(‖√ρu‖22 + ‖ρ‖γγ + ‖ρ‖1 + ‖H‖22)
+
∫ T
0
(‖∇u‖22 + ‖ω‖22 + ‖(2µ + λ(ρ))1/2divu‖22 + ‖∇H‖22)dt ≤ C. (3.1)
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Proof. Multiplying the equation (1.1)2 by u and the equation (1.1)3 by H, then integrating
over T2 × [0, t], we can obtain that
∫
(ρ
|u|2
2
+
|H|2
2
+
1
γ − 1ρ
γ)dx+
∫ t
0
∫
[µ|∇u|2 + ν|∇H|2 + (µ + λ(ρ)(divu)2)]dxdt
=
∫
(ρ0
|u0|2
2
+
|H0|2
2
+
1
γ − 1ρ0
γ)dx ≤ C (3.2)
where we have used integration by parts, the continuity equation (1.1)1 and the equation
for the pressure writing as
Pt + u · ∇P + γPdivu = 0 (3.3)
Note that ∫
ρdx =
∫
ρ0dx,
and ∫
[µ|∇u|2 + (µ+ λ(ρ))(divu)2]dx =
∫
[µω2 + (2µ+ λ(ρ))(divu)2]dx.
So, the proof of lemma is completed by combining the above equalities together.
Next we derive a priori L∞t L
p
x estimates for the magnetic field H in 2D case which is a
crucial different point and a fundamental observation for the well-posedness of compressible
MHD equations in comparison with compressible Navier-Stokes Equations.
Lemma 3.2. For any p ≥ 2, there exists a positive constant C such that
sup
0≤t≤T
‖H‖p ≤ C. (3.4)
Proof. Multiplying the equation (1.1)3 by p|H|p−2H and integrating over T2, we obtain, by
using of the Gagliardo-Nirenberg inequality, that
d
dt
∫
|H|pdx+ νp
∫
|H|p−2|∇H|2dx+ νp
∫
∇|H|
2
2
· ∇|H|p−2dx
= (1− p)
∫
|H|pdivudx+ p
∫
H · ∇u · |H|p−2Hdx
≤ C
∫
|H|p|∇u|dx ≤ C‖Hp‖2‖∇u‖2 ≤ C‖H
p
2 ‖2‖∇|H|
p
2 ‖2‖∇u‖2 (3.5)
≤ νp
2
∫
|H|p−2|∇H|2dx+ C‖∇u‖22‖H‖pp.
which yields that
d
dt‖H‖pp ≤ C‖∇u‖22‖H‖pp.
Applying Gronwall’s inequality and using Lemma 3.1, we have
sup
0≤t≤T
‖H‖p ≤ C.
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Applying the operator div to the momentum equation (1.1)2, we have
[div(ρu)]t + div[div(ρu⊗ u−H ⊗H)] = ∆F, (3.6)
where the effective flux F is defined by
F := (2µ+ λ(ρ))divu− P − |H|
2
2
. (3.7)
Consider the following two elliptic problems:
−∆ξ = div(ρu),
∫
ξ(t, x)dx = 0, (3.8)
−∆η = div[div(ρu⊗ u−H ⊗H)],
∫
η(t, x)dx = 0, (3.9)
both with the periodic boundary conditions on T2.Then, we can derive the following elliptic
estimates. It can be easily established through a similar way in [43] and [29]. So, we omit
it here for simplicity.
Lemma 3.3.
(1)‖∇ξ‖2m ≤ Cm‖ρ‖ 2mk
k−1
‖u‖2mk , for any k > 1, m ≥ 1;
(2)‖∇ξ‖2−r ≤ C‖ρ‖
1
2
2−r
r
, for any 0 < r < 1;
(3)‖η‖2m ≤ Cm(‖ρ‖ 2mk
k−1
‖u‖24mk + ‖H‖24m), for any k > 1, m ≥ 1,
where C are positive constants independent of m,k and r.
Lemma 3.4.
(1)‖ξ‖2m ≤ Cm
1
2‖∇ξ‖ 2m
m+1
≤ Cm 12‖ρ‖
1
2
m, for any m ≥ 2;
(2)‖u‖2m ≤ C[m
1
2‖∇u‖2 + 1], for any m ≥ 1;
(3)‖∇ξ‖2m ≤ C[m
3
2k
1
2 ‖ρ‖ 2mk
k−1
φ(t)
1
2 +m‖ρ‖ 2mk
k−1
], for any m ≥ 1, k > 1;
(4)‖η‖2m ≤ C[m2k‖ρ‖ 2mk
k−1
+m‖ρ‖ 2mk
k−1
+m2φ(t) +m], for any m ≥ 1, k > 1,
where C are positive constants independent of m,k,and,
φ(t) :=
∫
(µω2 + (2µ + λ(ρ))(divu)2 + ν|∇H|2)dx, t ∈ [0, T ] (3.10)
Substituting (3.8) and (3.9) into (3.6) yields that
∆(ξt + η + F −
∫
F (t, x)dx) = 0 (3.11)
with ∫
(ξt + η + F −
∫
F (t, x)dx)dx = 0. (3.12)
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Thus it holds that
ξt + η + F −
∫
F (t, x)dx = 0. (3.13)
Define
Λ(ρ) :=
∫ ρ
1
2µ + λ(s)
s
ds = 2µ log ρ+
1
β
(ρβ − 1). (3.14)
Using the definition of the effective viscous flux F and the continuity equation (1.1)1, one
has
(Λ(ρ) − ξ)t + u · ∇(Λ(ρ) − ξ) + P + |H|
2
2
− η + u · ∇ξ +
∫
F (t, x)dx = 0 (3.15)
Next, we derive the L∞t L
p
x estimate of the density using of the transport equation (3.15)
similar to Lemma 3.5 in [29].
Lemma 3.5. Assume β > 1, for any p ≥ 1,
sup
0≤t≤T
‖ρ‖p ≤ Cp
2
β−1 , (3.16)
where C is a positive constant independent of p.
Proof. Multiplying (3.15) by ρ[(Λ(ρ)−ξ)+]2m−1 and integrating over T2,where (h)+ denotes
the positive part of the function h, it holds that
1
2m
d
dt
∫
ρ[(Λ(ρ) − ξ)+]2mdx
+
∫
ρP [(Λ(ρ) − ξ)+]2m−1dx+ 1
2
∫
ρ|H|2[(Λ(ρ) − ξ)+]2m−1dx
=
∫
ρη[(Λ(ρ) − ξ)+]2m−1dx−
∫
ρu · ∇ξ[(Λ(ρ)− ξ)+]2m−1dx (3.17)
+ (
∫
F (t, x)dx)(
∫
ρ[(Λ(ρ)− ξ)+]2m−1dx) =:
3∑
i=1
Ki
Define
f(t) := {
∫
ρ[(Λ(ρ)− ξ)+]2mdx}
1
2m
Next we estimate the terms on the RHS of (3.17)
|K1| ≤
∫
ρ
1
2m |η|[ρ(Λ(ρ) − ξ)2m+ ]
2m−1
2m dx ≤ C||ρ||
1
2m
2mβ+1||η||2m+ 1
β
||ρ(Λ(ρ) − ξ)2m+ ||
2m−1
2m
1
≤ C||ρ||
1
2m
2mβ+1[(m+
1
2β
)2k||ρ|| 2(m+ 1
2β
)k
k−1
φ(t) + (m+
1
2β
)||ρ|| 2(m+ 1
2β
k)
k−1
]f2m−1(t)
≤ C||ρ||1+
1
2m
2mβ+1f
2m−1(t)[m2φ(t) +m], (3.18)
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where using of Lemma 3.4 and choosing k = ββ−1 .
|K2| ≤
∫
ρ
1
2m |u||∇ξ|[ρ(Λ(ρ) − ξ)2m+ ]2m−1dx
≤ C||ρ||
1
2m
2mβ+1||u||2mp||∇ξ||2mq ||ρ(Λ(ρ) − ξ)2m+ ||
2m−1
2m
1
≤ C||ρ||
1
2m
2mβ+1[(mp)
1
2 ||∇u||2 + 1][(mq)
3
2k
1
2 ||ρ|| 2mqk
k−1
φ
1
2 (t) +m||ρ|| 2mqk
k−1
]f2m−1(t)
≤ C||ρ||
1
2m
2mβ+1f
2m−1(t)[m
1
2φ
1
2 (t) + 1][m
3
2φ
1
2 (t) +m] (3.19)
≤ C||ρ||
1
2m
2mβ+1f
2m−1(t)[m2φ(t) +m]
where using of Lemma(2.3.3) and choosing p = q = 2mβ+1β , k =
β
β−1 .
|K3| ≤
∫
|(2µ + λ(ρ))divu− P − 1
2
|H|2|dx
∫
ρ
1
2m [ρ(Λ(ρ) − ξ)2m+ ]
2m−1
2m dx
≤ [(
∫
(2µ + λ(ρ))
1
2 (divu)2(
∫
2µ + λ(ρ))
1
2 +
∫
P (ρ)dx+
1
2
∫
|H|2dx]
||ρ||
1
2m
1 ||ρ(Λ(ρ) − ξ)2+m||
2m−1
2m
1 (3.20)
≤ C[φ 12 (t) + φ 12 (t)(
∫
ρβdx)
1
2 ]f2m−1(t)
≤ Cf2m−1(t)[φ 12 (t) + φ 12 (t)||ρ||
β
2
2mβ+1 + 1].
Substituting (3.18)-(3.20) into (3.17), one has
d
dt
f(t) ≤ C[1 + φ 12 (t) + φ 12 (t)||ρ||
β
2
2mβ+1 + (m
2φ(t) +m)||ρ||1+
1
2m
2mβ+1]. (3.21)
Integrating over [0,t], we have
f(t) ≤ f(0) + C[1 +
∫ t
0
φ
1
2 (τ)||ρ||
β
2
2mβ+1(τ)dτ +
∫ t
0
(m2φ(τ) +m)||ρ||1+
1
2m
2mβ+1(τ)dτ ]
where f(0) = (
∫
ρ0[(Λ(ρ0)− ξ0)+]2mdx) 12m .
It is easy to show that ||ξ0||∞ ≤ C. By the definition of Λ(ρ0) = 2µ log ρ0 + 1β (ρβ0 − 1), we
have Λ(ρ0) − ξ0 → −∞ as ρ0 → 0+. Thus, there exists a σ > 0 such that if 0 ≤ ρ0 ≤ σ,
then (Λ(ρ0)− ξ0)+ ≡ 0.
Now, one has
f(0) = [
∫ M
σ
ρ0(Λ(ρ0)− ξ0)2mdx]
1
2m ≤ C(σ,M).
It follows that
f(t) ≤ C[1 +
∫ t
0
φ
1
2 (τ)||ρ||
β
2
2mβ+1(τ)dτ +
∫ t
0
(m2φ(τ) +m)||ρ||1+
1
2m
2mβ+1(τ)dτ ]. (3.22)
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Set Ω1(t) = {x ∈ T2|ρ(t, x) > 2} and Ω2(t) = {x ∈ Ω1(t)|Λ(ρ)(t, x) − ξ(t, x) > 0}. Then
one has
||ρ||β2mβ+1(t) = (
∫
Ω1(t)
ρ2mβ+1dx+
∫
T2−Ω1(t)
ρ2mβ+1dx)
β
2mβ+1
≤ (
∫
Ω1(t)
ρ2mβ+1dx)
β
2mβ+1 + C ≤ C(
∫
Ω1(t)
ρ|Λ(ρ)|2mdx) β2mβ+1 + C
= C(
∫
Ω2(t)
ρ|Λ(ρ)− ξ + ξ|2mdx+
∫
Ω1(t)−Ω2(t)
ρ|Λ(ρ)|2mdx) β2mβ+1 + C (3.23)
≤ C(
∫
Ω2(t)
ρ|Λ(ρ)− ξ|2mdx+
∫
Ω2(t)
ρ|ξ|2mdx+
∫
Ω1(t)−Ω2(t)
ρ|ξ|2mdx) β2mβ+1 + C
≤ C(f2m(t) +
∫
ρ|ξ|2m) β2mβ+1 + C ≤ C[1 + f(t) + (
∫
ρ|ξ|2mdx) β2mβ+1 ].
Note that
(
∫
ρ|ξ|2mdx) β2mβ+1 ≤ ||ρ||
β
2mβ+1
2mβ+1||ξ||
2mβ
2mβ+1
2m+ 1
β
≤ C||ρ||
β
2mβ+1
2mβ+1[(m+
1
2β
)
1
2 ||ρ||
1
2
m+ 1
2β
]
2mβ
2mβ+1 ≤ Cm 12 ||ρ||
β(m+1)
2mβ+1
2mβ+1 , (3.24)
we can obtain
||ρ||β2mβ+1(t) ≤ C[1 + f(t) +m
1
2 ||ρ||
β(m+1)
2mβ+1
2mβ+1 (t)]
≤ 1
2
||ρ||β2mβ+1(t) + C(1 + f(t) +m
mβ+12
m(2β−1) ). (3.25)
Thus it holds that
||ρ||β2mβ+1(t) ≤ C[f(t) +m
β
2β−1 ]
≤ C[m β2β−1 +
∫ t
0
φ
1
2 (τ)||ρ||
β
2
2mβ+1(τ)dτ +
∫ t
0
(m2φ(τ) +m)||ρ||1+
1
2m
2mβ+1(τ)dτ ]
≤ C[m β2β−1 +
∫ t
0
||ρ||β2mβ+1(τ)dτ +
∫ t
0
(m2φ(τ) +m)||ρ||1+
1
2m
2mβ+1(τ)dτ ] (3.26)
Applying Gronwall’s inequality yields that
||ρ||β2mβ+1(t) ≤ C[m
β
2β−1 +
∫ t
0
(m2φ(τ) +m)||ρ||1+
1
2m
2mβ+1(τ)dτ ] (3.27)
Denote
y(t) = m
− 2
β−1 ||ρ||2mβ+1(t).
Then it holds that
yβ(t) ≤ C[m
β(1−3β)
(2β−1)(β−1) +m
1
m(β−1)
∫ t
0
φ(τ)y(τ)1+
1
2m dτ +m
1
m(β−1)
−1
∫ t
0
y1+
1
2m (τ)dτ ]
≤ C[1 +
∫ t
0
(φ(τ) + 1)yβ(τ)dτ ].
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So applying the Gronwall’s inequality again yields that
y(t) ≤ C, ∀t ∈ [0, T ].
That is,
||ρ||2mβ+1(t) ≤ Cm
2
β−1 , ∀t ∈ [0, T ]. (3.28)
For 1 < p < 2β + 1, using of interpolation inequality, we have completed the proof of the
Lemma.
Lemma 3.6. For any ε > 0, there exists a positive constant C(ε) such that
sup
0≤t≤T
log(e+ Z2(t)) +
∫ T
0
ϕ2(t)
e+ Z2(t)
dt ≤ CΦ1+βεT , (3.29)
where Z2(t) :=
∫
(µω2+ F
2
2µ+λ(ρ)+ |∇H|2)dx, ϕ2(t) :=
∫
(ρ|u˙|2+ |∇2H|2)dx, ΦT := ‖ρ‖∞+1.
Proof. First, we can rewrite the momentum equation into
ρu˙ = ∇F + µ∇⊥ω +H · ∇H, (3.30)
where ∇⊥ := (∂2,−∂1).
Multiplying (3.30) by u˙, integrating over T2 and using of integration by parts, one has∫
ρ|u˙|2dx = −
∫
Fdivu˙dx− µ
∫
ω∇⊥ · u˙dx+
∫
H · ∇H · u˙dx. (3.31)
Direct calculations show that
divu˙ =
D
Dt
divu+ (∂1u · ∇)u1 + (∂2u · ∇)u2
=
D
Dt
divu− 2∇u1 · ∇⊥u2 + (divu)2, (3.32)
∇⊥ · u˙ = D
Dt
ω − (∂1u · ∇)u2 + (∂2u · ∇)u1 = D
Dt
ω + ωdivu. (3.33)
In order to obtain the upper bound of the density, the following observation is the key to
handle the strongly coupled magnetic field with the velocity field, which help us to avoid
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the a priori estimates of ∇u˙.∫
H · ∇H · u˙dx =
∫
H · ∇H · (∂tu+ u · ∇u)dx
=
d
dt
∫
H · ∇H · u−
∫
(Ht · ∇H · u+H · ∇Ht · u)dx−
∫
H · ∇(u · ∇u) ·H
= − d
dt
∫
H ⊗H : ∇udx+
∫
(Ht · ∇u ·H +H · ∇u ·Ht)dx
−
∫
(H · ∇ui∂iu ·H +Hkui∂2iku ·H)dx
= − d
dt
∫
H ⊗H : ∇udx+
∫
(Ht · ∇u ·H +H · ∇u ·Ht)dx (3.34)
−
∫
[H · ∇uk∂ku ·H − u · ∇Hk∂ku ·H −H · ∇u ·Hdivu− (H · ∇u) · (u · ∇H)]dx
= − d
dt
∫
H ⊗H : ∇udx+
∫
(Hkt −H · ∇uk + u · ∇Hk)∂ku ·Hdx
+
∫
H · ∇u(Ht +Hdivu+ u · ∇H)dx
= − d
dt
∫
H ⊗H : ∇udx+
∫
(ν∆H −Hdivu) · ∇u ·Hdx+
∫
H · ∇u · (ν∆H +H · ∇u)dx.
It follows from (3.31)-(3.34) and integration by parts that
1
2
d
dt
∫
(µω2 +
F 2
2µ+ λ(ρ)
) +
∫
ρ|u˙|2
= − d
dt
∫
H ⊗H : ∇udx− µ
2
∫
ω2divudx+ 2
∫
F∇u1 · ∇⊥u2dx
+
1
2
∫
F 2divu[ρ(
1
2µ + λ(ρ)
)′ − 1
2µ + λ(ρ)
]dx
+
∫
Fdivu[ρ(
P
2µ + λ(ρ)
)′ − P
2µ + λ(ρ)
]dx (3.35)
+
1
2
∫
FH2divu(ρ(
1
2µ + λ(̺)
) +
1
2µ+ λ(ρ)
)
−
∫
F
2µ+ λ(ρ)
(H · ∇u ·H + νH ·∆H)dx
+
∫
(ν∆H −Hdivu) · u ·Hdx+
∫
H · ∇u · (ν∆H +H · ∇u)dx.
On the other hand, multiplying (1.1)3 by −∆H and integrating over T2, one has
1
2
d
dt
∫
|∇H|2dx+ ν
∫
|∇2H|2dx =
∫
(u · ∇H −H · ∇u+Hdivu)∆Hdx. (3.36)
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Combine (3.35) and (3.36), we have
d
dt
Z2 + ϕ2 ≤ − d
dt
∫
H ⊗H : ∇udx− µ
∫
ω2divudx− 2
∫
F∇u1 · ∇ ⊥ u2dx
+
1
2
∫
F 2divu[ρ(
1
2µ + λ(ρ)
)′ − 1
2µ + λ(ρ)
]dx
+
∫
Fdivu[ρ(
P
2µ + λ(ρ)
)′ − P
2µ + λ(ρ)
]dx
+
1
2
∫
FH2divu(ρ(
1
2µ + λ(̺)
)′ +
1
2µ + λ(ρ)
) (3.37)
−
∫
F
2µ+ λ(ρ)
(H · ∇u ·H + νH ·∆H)dx
+
∫
(ν∆H −Hdivu) · u ·Hdx+
∫
H · ∇u · (ν∆H +H · ∇u)dx
+
∫
(u · ∇H −H · ∇u+Hdivu)∆Hdx = − d
dt
J0 +
9∑
i=1
J9.
Note that
∆F = div(ρu˙−H · ∇H); µ∆ω = ∇⊥ · (ρu˙−H · ∇H).
It follows from elliptic estimates, (2.2) and Lemma 3.1 that
‖∇F‖2 + ‖∇ω‖2 ≤ C(‖ρu˙‖2 + ‖H · ∇H‖2) ≤ C(Φ
1
2
Tϕ+ ‖∇H‖2ϕ
1
2 ), (3.38)
‖ω‖4 ≤ C‖ω‖
1
2
2 ‖∇ω‖
1
2
2 ≤ CZ
1
2 (Φ
1
4
Tϕ
1
2 + ‖∇H‖
1
2
2 ϕ
1
4 ). (3.39)
Also, one has
‖∇u‖22 + ‖ω‖22 + ‖∇H‖22 + ‖(2µ + λ(ρ))
1
2divu‖22 ≤ C(1 + Z2). (3.40)
Now we estimates the terms on the RHS of (3.37). First, (3.39) and (3.40) yields that
|J1| ≤ C‖ω‖24‖∇u‖2 ≤ CZ(Φ
1
2
Tϕ+ ‖∇H‖2ϕ
1
2 )‖∇u‖2
≤ σϕ2 + C(ΦT ‖∇u‖22Z2 + ‖∇H‖42 + ‖∇u‖22Z2) (3.41)
≤ σϕ2 + CΦT (1 + ‖∇u‖22 + ‖∇H‖22)(1 + Z2),
Next, by using the duality between Hardy H2 and BMO spaces([18]) and ”div-curl” lemma
of compensated compactness([11]), since curl∇u1 = div∇⊥u2 = 0, we can obtain that
|J2| ≤ C‖F‖BMO‖∇u1 · ∇⊥u2‖H1 ≤ C‖∇F‖2‖∇u1‖2‖∇⊥u2‖2
≤ C(Φ
1
2
Tϕ+ ‖∇H‖2ϕ
1
2 )‖∇u‖22
≤ σϕ2 + C(ΦT‖∇u‖42 + ‖∇u‖42 + ‖∇H‖42) (3.42)
≤ σϕ2 + CΦT (‖∇u‖22 + ‖∇H‖22)(1 + Z2).
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Note that ‖F‖2 ≤ Φ
β
2
T Z, it follows from (3.38) that, for any ε > 0,
‖ F
2
2µ + λ(ρ)
‖2 ≤ C‖ F√
2µ+ λ(ρ)
‖1−ε2 ‖F‖1+ε2(1+ε)
ε
≤ CZ1−ε‖F‖ε2‖∇F‖2
≤ CZΦ
βε
2
T (Φ
1
2
Tϕ+ ‖∇H‖2ϕ
1
2 ). (3.43)
Thus, we can obtain from Lemma 3.5, (3.38), (3.40) and (3.43) that
|J3 + J4| ≤ C
∫
|F |2|divu| 1
2µ + λ(ρ)
+ |F ||divu| P
2µ + λ(ρ)
dx
≤ C‖∇u‖2(‖ F
2
2µ + λ(ρ)
‖2 + ‖F‖ 2(2+ε)
ǫ
‖P‖2+ε)
≤ C‖∇u‖2(‖ F
2
2µ + λ(ρ)
‖2 + ‖F‖
ε
2+ε
2 ‖∇F‖
2
2+ε
2 ) (3.44)
≤ C‖∇u‖2(ZΦ
βε
2
T (Φ
1
2
Tϕ+ ||∇H||2ϕ
1
2 ) + Φ
βε
2(2+ε)
T Z
ε
2+ε (Φ
1
2+ε
T ϕ
2
2+ε + ‖∇H‖
2
2+ε
2 ϕ
1
2+ε ))
≤ σϕ2(t) + CΦ1+βεT (‖∇u‖22Z2 + ‖∇u‖22 + Z2 + ‖∇H‖42)
≤ σϕ2(t) + CΦ1+βεT (1 + ‖∇u‖22 + ‖∇H‖22)(1 + Z2)
By Lemma 3.2, (3.40) and (3.43), we have that
|J5 + J6| ≤ C
∫
| F
2µ + λ(ρ)
|(|H|2|∇u|+ |H||∆H|)
≤ C‖ F
2µ + λ(ρ)
‖4(‖H‖28‖∇u‖2 + ‖H‖4‖∇2H‖2) ≤ C‖
F 2
2µ + λ(ρ)
‖
1
2
2 (‖∇u‖2 + ‖∇2H‖2)
≤ CZ 12Φ
βε
4
T (Φ
1
4
Tϕ
1
2 + ‖∇H‖
1
2
2 ϕ
1
4 )(‖∇u‖2 + ϕ) (3.45)
≤ σϕ2 + C(Φ1+βεT Z2 + ‖∇u‖22 + ‖∇H‖42)
≤ σϕ2 + CΦ1+βεT (1 + ‖∇H‖22)(1 + Z2)
Finally, integration by parts, Lemma 3.2, 3.5, (3.39), (3.40) and (3.43) yield that
|
9∑
i=7
Ji| ≤ C
∫
(|H|2|∇u|2 + |H||∇u||∆H|+ |∇u||∇H|2)dx
≤ C(‖H‖24‖∇u‖24 + ‖H‖4‖∇u‖4‖∇2H‖2 + ‖∇u‖2‖∇H‖24)
≤ σϕ2(t) + C(||divu||24 + ||ω||24 + ‖∇u‖22‖∇H‖22) (3.46)
≤ σϕ2(t) + C(‖ F
2
2µ + λ(ρ)
‖2 + ‖P‖24 + ‖H‖48 + ‖ω‖24 + ‖∇u‖22‖∇H‖22)
≤ σϕ2(t) + C(ZΦ
βε
2
T (Φ
1
2
Tϕ+ ‖∇H‖2ϕ
1
2 ) + ‖∇u‖22‖∇H‖22 + 1)
≤ σϕ2(t) + CΦ1+βεT (1 + ||∇u||22 + ||∇H||22)(1 + Z2(t)),
Moreover, one has
|J0| ≤
∫
|H|2|∇u|dx ≤ ‖∇u‖2‖H‖24 ≤ ‖∇u‖2‖∇H‖2 ≤ σ‖∇u‖22 + C‖∇H‖22. (3.47)
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Substituting (3.41), (3.42), (3.44)-(3.47) into (3.37), one has
d
dt
(e+ Z2(t)) + ϕ2(t) ≤ CΦ1+βεT (1 + ||∇u||22 + ||∇H||22)(e+ Z2(t)).
Applying Gronwall’s inequality and using of Lemma 3.1, the proof of Lemma can be com-
pleted.
The following L∞t L
p
x of the momentum will play a crucial role in the estimate of the
upper bound of the density as indicated by Lemma 3.4 in [24] and [26] for compressible
Navier-Stokes equations case.
Lemma 3.7. For any p > 3 and σ > 0, there exists a positive constant C(σ) such that
‖ρu‖p ≤ CΦ
1− 1
p
+σ
T (e+ ‖∇u‖+ ‖∇H‖2)1−
2+α
p
+σ log
p−2+α
2p (e+ (
ϕ2
e+ Z2
)
1
4 ) (3.48)
where ΦT := ‖ρ‖∞ + 1
Proof. First, for α := µ
1
2
2(µ+1)Φ
−β
2
T ∈ (0, 14 ], multiplying the momentum equation (1.1)2 by
(2 + α)|u|αu and integrating over T2, we obtain,
d
dt
∫
ρ|u|2+αdx+ µ(2 + α)
∫
|u|α|∇u|2dx
+ µ(2 + α)
∫
∇|u|
2
2
· ∇|u|αdx+ (2 + α)
∫
(µ+ λ(ρ))(divu)2|u|αdx
= (2 + α)
∫
Pdiv(u|u|α)dx− (2 + α)
∫
(µ+ λ(ρ))divuu · ∇|u|αdx (3.49)
+ (2 + α)
∫
(H · ∇H −∇|H|
2
2
) · u|u|αdx =:
3∑
i=1
Ii.
Now we estimate the terms on the RHS of (3.49). First, we can obtain that
|I1| ≤ (2 + α)(1 + α)
∫
|P ||u|α|∇u|dx
≤ µ(2 + α)
2
∫
|u|α|∇u|2dx+ C
∫
|P |2|u|αdx
≤ µ(2 + α)
2
∫
|u|α|∇u|2dx+ C‖P‖22p1‖u‖ααq1
≤ µ(2 + α)
2
∫
|u|α|∇u|2dx+ C(‖∇u‖22 + 1),
where q1 is chosen large enough such that αq1 ≥ 2, then Lemma 3.4(2) and Lemma 3.5 are
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used in the last inequality above. Next, it is easy to yield that
|I2| ≤ (2 + α)α
∫
(µ+ λ(ρ))|divu||u|α|∇u|dx
≤ 2 + α
2
∫
(µ + λ(ρ))(divu)2|u|αdx+ 2 + α
2
∫
α2(µ + λ(ρ))|u|α|∇u|2dx
≤ 2 + α
2
∫
(µ + λ(ρ))(divu)2|u|αdx+ 2 + α
2
∫
µ
4(µ + 1)2
Φ−βT (µ+Φ
β
T )|u|α|∇u|2dx
≤ 2 + α
2
∫
(µ + λ(ρ))(divu)2|u|αdx+ µ(2 + α)
4
∫
|u|α|∇u|2dx,
By integration by parts, we have that
|I3| = |(2 + α)
∫
[H · ∇(|u|αu) ·H + |H|
2
2
(|u|αdivu+ u · ∇|u|α)]dx|
≤ C
∫
|H|2|u|α|∇u|dx ≤ C(‖H‖28‖u‖4‖∇u‖2 + ‖H‖24‖∇u‖2)
≤ C(‖∇u‖22 + 1),
where we have used Lemma 3.4(2) and Lemma 3.2.
Therefore, we conclude that
d
dt
∫
ρ|u|(2+α)dx ≤ C(‖∇u‖22 + 1).
which implies that
sup
0≤t≤T
∫
ρ|u|2+αdx ≤ C. (3.50)
Next, we obtain from (3.43), (3.39) and (3.40) that
‖∇u‖4 ≤ C(‖divu‖4 + ‖ω‖4) ≤ C(‖ F
2
2µ + λ(ρ)
‖
1
2
2 + ‖ω‖4 + ‖P‖4 + ‖H‖28)
≤ C(Z 12Φ
βε
4
T (Φ
1
4
Tϕ
1
2 + ‖∇H‖
1
2
2 ϕ
1
4 ) + 1)
≤ C(Φ
1+βε
4
T (e+ Z
2)
1
2 (
ϕ2
e+ Z2
)
1
4 +Φ
βε
4
T (e+ Z
2)
5
8 (
ϕ2
e+ Z2
)
1
8 + 1) (3.51)
≤ CΦ
1+βε+2β
4
T (e+ ‖∇u‖+ ‖∇H‖)(
ϕ2
e + Z2
)
1
4
+ CΦ
2βε+5β
8
T (e+ ‖∇u‖+ ‖∇H‖)
5
4 (
ϕ2
e+ Z2
)
1
8 + C
where in the last inequality, we have used the following simple fact:
Z2 ≤ CΦβT (‖∇u‖22 + ‖∇H‖22) (3.52)
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Then, by the Brezis-Wainger inequality, we have that
‖∇u‖∞ ≤ C‖∇u‖2 log
1
2 (e+ ‖∇u‖4) + C‖u‖2 + C
≤ C‖∇u‖2{log
1
2 (Φ
1+βε+2β
4
T (e+ ‖∇u‖+ ‖∇H‖)(
ϕ2
e + Z2
)
1
4 )
+ log
1
2 (Φ
2βε+5β
8
T (e+ ‖∇u‖+ ‖∇H‖)
5
4 (
ϕ2
e+ Z2
)
1
8 )}+ C‖∇u‖2 + C (3.53)
≤ CΦσT (e+ ‖∇u‖2 + ‖∇H‖2)1+σ log
1
2 (e+ (
ϕ2
e+ Z2
)
1
4 )
which combining with (3.50) implies that
‖ρu‖p ≤ ‖ρu‖
2+α
p
2+α‖ρu‖
1− 2+α
p
∞ ≤ Φ
1− 1
p
T ‖ρ
1
2+αu‖
2+α
p
2+α‖u‖
1− 2+α
p
∞
≤ CΦ1−
1
p
+σ
T (e+ ‖∇u‖+ ‖∇H‖2)1−
2+α
p
+σ log
p−2+α
2p (e+ (
ϕ2
e+ Z2
)
1
4 ) (3.54)
Lemma 3.8. There exist a positive constant C such that
0 ≤ ρ(t, x) ≤ C, ∀(t, x) ∈ [0, T ]× T2. (3.55)
Proof. First, by the definition of ξ, η from (3.8) and (3.9), and divH = 0, we have
u · ∇ξ − η = [ui, RiRj ](ρuj)− [Hi, RiRj](Hj).
It follows from (3.15) that
D
Dt
(Λ(ρ) − ξ) + P + |H|
2
2
+ [ui, RiRj ](ρuj)− [Hi, RiRj](Hj) +
∫
F (t, x)dx = 0.
Along the partial path defined by{
d ~X(τ ;t,x)
dτ = u(τ,
~X(τ ; t, x))
~X(τ ; t, x)|τ=t = x,
one has
d
dτ
(Λ(ρ)− ξ)(τ ; ~X(τ ; t, x)) + P (ρ)(τ ; ~X(τ ; t, x)) + |H|
2
2
(τ ; ~X(τ ; t, x))
= −[ui, RiRj](ρuj)(τ ; ~X(τ ; t, x)) + [Hi, RiRj](Hj)(τ ; ~X(τ ; t, x)) −
∫
F (τ, x)dx.
Integrating over [0, t], it holds that
2µ log
ρ(t, x)
ρ0( ~X0)
+
1
β
(ρβ(t, x) − ρβ0 ( ~X0))− ξ(t, x) + ξ0( ~X0) (3.56)
≤ −
∫ t
0
[ui, RiRj](ρuj)(τ)dτ +
∫ t
0
[Hi, RiRj ](Hj)(τ)dτ −
∫ t
0
∫
F (τ, x)dxdτ.
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Now we estimate the commutators. On the one hand, for the commutator G = [ui, RiRj ](ρuj),
by the Brezis-Wainger inequality in Lemma 2.6 and commutator estimates in Lemma 2.7,
we have that
‖G‖∞ ≤ C‖∇G‖2 log
1
2 (e+ ‖∇G‖3) + C‖G‖2 + C
≤ C‖∇u‖q‖ρu‖p log
1
2 (e+ ‖∇u‖4‖ρu‖12) + C‖∇u‖2‖ρu‖2 + C (3.57)
≤ C‖∇u‖q‖ρu‖p log
1
2 (e+ ‖∇u‖4‖ρu‖12) + CΦ
1
2
T‖∇u‖2 +C (3.58)
where 1p +
1
q =
1
2 . It follows from (3.51) that, for some θ satisfying
1
q =
θ
2 +
1−θ
4 ,
‖∇u‖q ≤ ‖∇u‖θ2‖∇u‖1−θ4
≤ C‖∇u‖θ2{Φ
1+βε+2β
4
T (e+ ‖∇u‖+ ‖∇H‖)(
ϕ2
e + Z2
)
1
4
+Φ
2βε+5β
8
T (e+ ‖∇u‖+ ‖∇H‖)
5
4 (
ϕ2
e+ Z2
)
1
8 + 1}1−θ (3.59)
≤ CΦ(
1+βε+2β
4
)(1−θ)
T (e+ ‖∇u‖+ ‖∇H‖)(1 + (
ϕ2
e+ Z2
)
1
4 )1−θ
+ CΦ
( 2βε+5β
8
)(1−θ)
T (e+ ‖∇u‖+ ‖∇H‖)
5−θ
4 (1 + (
ϕ2
e+ Z2
)
1
8 )1−θ
Next, (3.48) yields, for s = 1− 2+αp , that
‖ρu‖p ≤ CΦ
1− 1
p
+σ
T (e+ ‖∇u‖+ ‖∇H‖2)s+σ log
s
2 (e+ (
ϕ2
e+ Z2
)
1
4 ) (3.60)
Then, we can obtain from (3.59) and (3.60) that
‖∇u‖q‖ρu‖q ≤ CΦ
1− 1
p
+( 1+βε+2β
4
)(1−θ)+σ
T (e+ ‖∇u‖+ ‖∇H‖)1+s+σ(1 + (
ϕ2
e+ Z2
))
1−θ+σ
4
+ CΦ
1− 1
p
+( 2βε+5β
8
)(1−θ)+σ
T (e+ ‖∇u‖+ ‖∇H‖)
5−θ
4
+s+σ(1 + (
ϕ2
e+ Z2
))
1−θ+σ
8 (3.61)
By the definition of s and θ, we have that
s = 1− (2 + α)1− θ
4
which implies that when 0 < θ < 1,
2s < 1 + θ
Taking σ > 0 small enough such that
2s+ 3σ ≤ 1 + θ, 4s + 5σ ≤ 2θ + 2 (3.62)
Therefore, we can obtain that∫ T
0
‖G‖∞dt ≤ C
∫ T
0
(1 +
ϕ2
e+ Z2
)dt+ CΦrT
∫ T
0
(e+ ‖∇u‖22 + ‖∇H‖22)
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where
r = max{(1−1
p
+(
1 + βε+ 2β
4
)(1−θ)+σ) 4
θ + 3− σ , (1−
1
p
+(
2βε+ 5β
8
)(1−θ)+σ) 8
7 + θ − σ }
Taking θ close to 1 such that r ≤ 1 + βε and using of (3.29), we have that∫ T
0
‖G‖∞dt ≤ CΦ1+βεT . (3.63)
On the other hand, for any p > 4, using of the Gagliardo-Nirenberg inequality and commu-
tator estimates in Lemma 2.7, it holds that
‖[Hi, RiRj](Hj)‖∞ ≤ C‖[Hi, RiRj ](Hj)‖
1− 4
p
p ‖∇[Hi, RiRj ](Hj)‖
4
p
4p
p+4
≤ C(‖H‖BMO‖H‖p)1−
4
p (‖∇H‖4‖H‖p)
4
p
≤ C‖∇H‖1−
4
p
2 ‖∇H‖
4
p
4 ≤ C‖∇H‖
1− 2
p
2 ‖∇2H‖
2
p
2
≤ C(e+ Z2(t)) 12 ( ϕ
2(t)
e+ Z2(t)
)
1
p ≤ σZ2 +C(1 + ϕ
2(t)
e+ Z2(t)
)
≤ σΦβT (‖∇u‖22 + ‖∇H‖22) + C(1 +
ϕ2(t)
e+ Z2(t)
)
which implies that ∫ T
0
‖[Hi, RiRj ](Hj)‖∞dt ≤ σΦβT + CΦ1+βεT . (3.64)
It follows from Lemma 3.1 and Lemma 3.5 that∫ T
0
∫
F (t, x)dxdt ≤
∫ T
0
[
∫
(2µ + λ(ρ))divu(t, x)dx+
∫
P (t, x)dx+
∫
|H|2(t, x)dx]dt
≤
∫ T
0
∫
(2µ+ λ(ρ))dxdt +
∫ T
0
∫
[(2µ + λ(ρ))(divu)2 + ργ + |H|2]dxdt ≤ C. (3.65)
Also, by Lemma 3.3, it holds that for suitable large but fixed m > 1,
‖ξ‖2m ≤ Cm
1
2‖ρ‖
1
2
m ≤ C, ‖∇ξ‖2 ≤ ‖ρu‖2 ≤ CΦ
1
2
T
By Brezis-Wainger inequality, it holds that
‖ξ‖∞ ≤ C(‖ξ‖2m + ‖∇ξ‖2) log
1
2 (e+ ‖ξ‖W 1,2m) ≤ CΦ
1
2
T log
1
2 (e+ ‖∇ξ‖2m)
≤ CΦ
1
2
T log
1
2 (e+ ‖∇u‖2 + ‖∇H‖2) ≤ CΦ1+
βε
2
T . (3.66)
Therefore, plugging (3.63)-(3.66) into (3.56), we can obtain that
ΦβT ≤ CΦ1+βεT .
If β > 1, choosing ε small enough, we have
sup
0≤t≤T
||ρ||∞(t) ≤ C.
which also yields that
sup
0≤t≤T
‖ρ‖∞(t) ≥ δ1 > 0
when inf
x∈T2
ρ0 ≥ δ > 0. This complete the proof of lemma.
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3.2 Higher order estimates
Based on the uniform estimates and the upper bound of density obtained in the last
section under the assumption inf
x∈T2
ρ0 ≥ δ > 0, we observe that, for any 2 ≤ p < +∞,
sup
t∈[0,T ]
(‖(u,H)‖p + ‖(∇u,∇H)‖2 + ‖ρ‖∞) +
∫ T
0
(‖√ρu˙‖22 + ‖∇2H‖22)dt ≤ C (3.67)
Now, we can derive the uniform higher order estimates to guarantee the required regularity
of classical solutions.
Lemma 3.9. There exists a positive constant C only depending on (ρ0, u0,H0), such that
sup
0≤t≤T
(‖√ρu˙‖22 + ‖Ht‖22) +
∫ T
0
(‖∇u˙‖22 + ‖∇Ht‖22)dt ≤ C. (3.68)
Proof. First, applying the operator u˙j [∂t + div(u·)] to (1.1)j2, summing with respect to j,
and integrating the resulting equation over T2, we have
d
dt
∫
ρ|u˙|2dx =− 2
∫
u˙j[∂jPt + div(u∂jP )]dx+ 2µ
∫
u˙j [∂t∆u
j + div(u∆uj)]dx
+ 2
∫
u˙j[∂jt((µ + λ)divu) + div(u∂j((µ+ λ)divu))]dx
+ 2
∫
u˙j[∂t((H · ∇)Hj) + div(u(H · ∇)Hj)]dx (3.69)
− 2
∫
u˙j[∂jt(
H2
2
) + div(u∂j(
H2
2
))]dx =:
5∑
i=1
Ni.
Now we estimates the RHS of (3.69) terms by terms. Due to the continuity equation (1.1)1,
we can obtain
N1 = −2
∫
u˙j [∂jPt + ∂jdiv(uP )− div(P∂ju)]dx
= 2
∫
divu˙(Pt + div(Pu))− 2
∫
P∂ju
k∂ku˙
jdx (3.70)
= 2(1− γ)
∫
P (divu)(divu˙)dx− 2
∫
P∂ju
k∂ku˙
jdx
≤ C‖∇u˙‖2‖∇u‖2 ≤ µ
8
‖∇u˙‖22 + C,
where we have used (3.67) in the last two inequalities. Note that ujt = u˙
j −u ·∇uj, one has
N2 = 2µ
∫
u˙j [∆u˙j + ∂i(−∂iu · ∇uj + divu∂iuj)− div(∂iu∂iuj)]
= −µ
∫
(|∇u˙|2 + 2∂iu˙j∂kuk∂iuj − 2∂iu˙j∂kuk∂iuj + 2∂ku˙j∂iuk∂iuj) (3.71)
≤ −7µ
8
‖∇u˙‖22 + C‖∇u‖44.
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Similarly,
N3 = 2
∫
u˙j[∂jt((µ + λ)divu) + ∂jdiv(u((µ + λ)divu))− div(∂ju((µ+ λ)divu))]dx
= −2
∫
divu˙[((µ + λ)divu)t + div(u((µ + λ)divu))] +
∫
(µ + λ)divu∂iu˙
j∂ju
idx
= −2
∫
(
D
Dt
divu+ ∂iu
j∂ju
i)[(µ+ λ)
D
Dt
divu+ 2(µ + (1− β)λ)(divu)2]dx (3.72)
+
∫
(µ + λ)divu∂iu˙
j∂ju
idx
≤ −µ
2
‖ D
Dt
divu‖22 +
µ
8
‖∇u˙‖22 + C‖∇u‖44 + C
It follows from divH = 0 and (3.67) that
N4 +N5 = 2
∫
u˙j [∂it(H
iHj) + div(uHk∂kH
j)] + divu˙HHt + ∂ku˙
jukH i∂jH
i)dx
= 2
∫
(−∂iu˙j(H iHj)tdx− ∂iu˙juiHk∂kHj + divu˙HHt + ∂ku˙jukH i∂jH i)dx
≤ C‖H‖4‖Ht‖4‖∇u˙‖2 + C‖u‖8‖H‖8‖∇H‖4‖∇u˙‖2 (3.73)
≤ C‖Ht‖
1
2
2 ‖∇Ht‖
1
2
2 ‖∇u˙‖2 +C‖∇H‖
1
2
2 ‖∇2H‖
1
2
2 ‖∇u˙‖2
≤ µ
4
‖∇u˙‖22 +
ν
8
‖∇Ht‖22 + C‖Ht‖22 + C‖∇2H‖22 + C.
Next, applying ∂t to (1.1)3, multiplying the resulting equation by Ht and integrating over
T
2, we obtain from the integration by parts that
d
dt
∫
|Ht|2 + 2ν
∫
|∇Ht|2dx
= −2
∫
ut · ∇H ·Htdx+ 2
∫
Ht · ∇u ·Htdx+ 2
∫
H · ∇ut ·Htdx
−
∫
|Ht|2divudx− 2
∫
H · divutHtdx (3.74)
= 2
∫
(H · ∇u˙− u˙ · ∇H −Hdivu˙) ·Htdx+ 2
∫
(H i∂iH
j
t −H i∂jH it)(u · ∇uj)dx
+
∫
(2Ht · ∇u−Htdivu− 2u · ∇Ht)Htdx =:
3∑
i=1
Ri,
Now we estimates the terms on the RHS of (3.74).
|R1| ≤ C‖Ht‖4‖H‖4‖∇u˙‖2 + C‖u˙‖4‖∇H‖2‖Ht‖4
≤ C(‖√ρu˙‖2 + ‖∇u˙‖2)‖Ht‖
1
2
2 ‖∇Ht‖
1
2
2 (3.75)
≤ µ
8
‖∇u˙‖22 +
ν
8
‖∇Ht‖22 + C‖Ht‖22 + C‖
√
ρu˙‖22
where we have used Poincare´ type inequality Lemma 2.3(2).
|R2| ≤ C‖H‖8‖u‖8‖∇Ht‖2‖∇u‖4 ≤ ν
8
‖∇Ht‖22 + C‖∇u‖44 + C, (3.76)
24
|R3| ≤ C‖Ht‖24‖∇u‖2 + C‖Ht‖4‖u‖4‖∇Ht‖2 (3.77)
≤ C‖Ht‖2‖∇Ht‖2‖∇u‖2 + C‖Ht‖
1
2
2 ‖∇Ht‖
3
2
2 ≤
ν
8
‖∇Ht‖22 +C‖Ht‖22,
Thus, (3.68)-(3.77) show that
d
dt
∫
(ρ|u˙|2 + |Ht|2)dx+ µ
4
‖∇u˙‖22 +
ν
2
‖∇Ht‖22
≤ C(‖√ρu˙‖22 + ‖Ht‖22) + C‖∇u‖44 + C. (3.78)
Note that
‖∇u‖44 ≤ C(‖ω‖44 + ‖divu‖44) ≤ C(‖F‖44 + ‖ω‖44 + 1)
≤ C(‖F‖22‖∇F‖22 + ‖ω‖22‖∇ω‖22 + 1) ≤ C(‖
√
ρu˙‖22 + 1). (3.79)
It follows from (3.78)-(3.79) that
d
dt
(‖√ρu˙‖22 + ‖Ht‖22) + ‖∇u˙‖22 + ‖∇Ht‖22 ≤ C(‖
√
ρu˙‖22 + ‖Ht‖22) + C. (3.80)
Note that the compatibility condition shows that
√
ρ0u˙0 = g ∈ L2, applying the Gronwall’s
inequality, we can complete the proof of this lemma.
Lemma 3.10. It holds for any 2 ≤ p <∞ that
sup
0≤t≤T
‖(∇ρ,∇P )‖p +
∫ T
0
‖∇u‖2∞dt ≤ C. (3.81)
Proof. First, it follows from the interpolation inequality, (3.67), (3.68) and Lemma 2.3(2),
one has
‖ρu˙‖p ≤ C‖ρu˙‖
2(p−1)
p2−2
2 ‖ρu˙‖
p(p−2)
p2−2
p2
≤ C‖u˙‖
p(p−2)
p2−2
H1
≤ C‖∇u˙‖2 + C, (3.82)
and
‖|H||∇H|‖p ≤ ‖H‖ p2
p−1
‖∇H‖p2 ≤ C‖∇H‖H1 ≤ C‖∇2H‖2 + C, (3.83)
which imply that
‖divu‖∞ + ‖ω‖∞ ≤ C(‖F‖∞ + ‖ω‖∞ + ‖H‖2∞ + 1)
≤ C(‖∇F‖
2
3
4 + ‖∇ω‖
2
3
4 + ‖∇H‖
4
3
4 + 1)
≤ C(‖ρu˙‖
2
3
4 + ‖∇H‖
2
3
2 ‖∇2H‖
2
3
2 + 1) (3.84)
≤ C(‖∇u˙‖
2
3
2 + ‖∇2H‖
2
3
2 + 1),
where we have used the Gagliardo-Nirenberg inequality. Next, applying ∇ to (1.1)1, and
multiplying the resulting equation by the p|∇ρ|p−2∇ρ, we have
d
dt
∫
|∇ρ|pdx =− (p − 1)
∫
|∇ρ|pdivudx− p
∫
|∇ρ|p−2∇ρ · ∇u · ∇ρdx
− p
∫
ρ|∇ρ|p−2∇ρ · ∇(divu)dx.
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It yields that
d
dt
‖∇ρ‖p ≤ C(‖∇u‖∞‖∇ρ‖p + ‖∇2u‖p). (3.85)
We deduce from the standard Lp-estimates for elliptic system that
‖∇2u‖p ≤ C(‖∇divu‖p + ‖∇ω‖p)
≤ C(‖∇((2µ + λ)divu)‖p + ‖divu‖∞‖∇ρ‖p + ‖∇ω‖p)
≤ C(‖∇F‖p + ‖∇ω‖p + ‖∇P‖p + ‖|H||∇H|‖p + ‖divu‖∞‖∇ρ‖p) (3.86)
≤ C(‖ρu˙‖p + ‖∇2H‖2 + 1) + C(‖∇u˙‖2 + ‖∇2H‖2 + 1)‖∇ρ‖p
≤ C(‖∇u˙‖2 + ‖∇2H‖2 + 1)(e + ‖∇ρ‖p).
By the Beale-Kato-Majda type inequality, it follows from (3.84), (3.86) that
‖∇u‖∞ ≤ C(‖divu‖∞ + ‖ω‖∞) log(e+ ‖∇2u‖p) + C‖∇u‖2 + C (3.87)
≤ C(‖∇u˙‖2 + ‖∇2H‖2 + 1) log(e+ ‖∇ρ‖p) + C(‖∇u˙‖2 + ‖∇2H‖2 + 1)
Combining (3.85), (3.87) with (3.84), one has
d
dt
‖∇ρ‖p ≤ C(‖∇u˙‖2 + ‖∇2H‖2 + 1) log(e+ ‖∇ρ‖p)‖∇ρ‖p
+ C(‖∇u˙‖2 + ‖∇2H‖2 + 1)‖∇ρ‖p + C(‖∇u˙‖2 + 1). (3.88)
By the Gronwall’s inequality, we obtain
sup
0≤t≤T
||∇ρ||p ≤ C,
which combining with (3.86) gives ∫ T
0
‖∇u‖2∞dt ≤ C.
Lemma 3.11. It holds for any 2 ≤ p <∞ that
sup
0≤t≤T
(‖√ρut‖22 + ‖(ρt, Pt, λt)‖H1 + ‖(ρ, u,H)‖H2)
+
∫ T
0
(‖(ut,Ht)‖2H1 + ‖(u,H)‖2H3 + ‖(ρtt, Ptt, λtt)‖22)dt ≤ C. (3.89)
Proof. First, by the standard L2-estimates for the elliptic system (1.1)2, one has
‖u‖H2 ≤ C(‖u‖2 + ‖ρu˙‖2 + ‖∇P‖2 + ‖|H||∇H|‖2)
≤ C(1 + ‖∇H‖4) ≤ C(1 + ‖∇2H‖
1
2
2 ) ≤
1
4
‖H‖H2 + C, (3.90)
where we have used (3.67) and Lemma 3.10 in the last two inequalities. Similarly, the
standard L2-estimates for the elliptic system (1.1)3 gives that
‖H‖H2 ≤ C(‖H‖2 + ‖Ht‖2 + ‖|H||∇u|‖2 + ‖|u||∇H|‖2)
≤ C(1 + ‖∇u‖4 + ‖∇H‖4) ≤ 1
2
‖u‖H2 +
1
4
‖H‖H2 + C. (3.91)
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Combining (3.90) with (3.91), we have
‖u‖H2 + ‖H‖H2 ≤ C.
It follows from the Sobolev embedding theorem that
sup
0≤t≤T
(‖u‖∞ + ‖H‖∞) ≤ C, (3.92)
and
sup
0≤t≤T
‖(∇u,∇H)‖p ≤ C. (3.93)
Note that
‖√ρut‖22 ≤ ‖
√
ρu˙‖22 + ‖
√
ρu · ∇u‖22 ≤ ‖
√
ρu˙‖22 + ‖∇u‖22,
and
‖(ut,Ht)‖H1 ≤ ‖u˙‖H1 + ‖u · ∇u‖H1 + ‖Ht‖2 + ‖∇Ht‖2,
we can obtain
sup
0≤t≤T
‖√ρut‖22 +
∫ T
0
‖(ut,Ht)‖2H1 ≤ C. (3.94)
Next, applying ∇2 to the continuity equation (1.1)1, multiplying the resulting equation by
∇2ρ, and integrating over T2, one has that
d
dt
‖∇2ρ‖22 ≤ C(‖∇u‖∞‖∇2ρ‖22 + ‖∇ρ‖4‖∇2ρ‖2‖∇2u‖4 + ‖ρ‖∞‖∇2ρ‖2‖∇3u‖2)
≤ C[(‖∇u‖∞ + 1)‖∇2ρ‖22 + ‖∇3u‖22 + 1]. (3.95)
Similarly,
d
dt
‖∇2P‖22 ≤ C[(‖∇u‖∞ + 1)‖∇2P‖22 + ‖∇3u‖22 + 1]. (3.96)
Note that the standard elliptic estimates give that
‖∇3u‖2 ≤ C(‖∇2divu‖2 + ‖∇2ω‖2)
≤ C(‖∇2F‖2 + ‖∇2(H
2
2
)‖2 + ‖∇ρ · ∇divu‖2 + ‖divu∇2ρ‖2 + ‖∇2ω‖2)
≤ C(‖∇(ρu˙)‖2 + ‖∇H‖24 + ‖|H||∇2H|‖2
+ ‖∇ρ‖4‖∇2u‖
1
2
2 ‖∇3u‖
1
2
2 + ‖divu‖∞‖∇2ρ‖2) (3.97)
≤ C(‖∇ρ‖4‖u˙‖4 + ‖ρ‖∞‖∇u˙‖2 + 1 + ‖∇3u‖
1
2
2 + ‖∇u‖∞‖∇2ρ‖2)
≤ 1
2
‖∇3u‖2 + C(‖∇u‖∞ + 1)‖∇2ρ‖2 + ‖∇u˙‖2 + 1.
Similarly,
‖∇3H‖2 ≤ C(‖∇Ht‖2 + ‖∇u‖4‖∇H‖4 + ‖u‖ −∞‖∇2H‖2 + ‖H‖∞‖∇2u‖2)
≤ C(‖∇Ht‖2 + 1). (3.98)
Substituting (3.97) into (3.95) and (3.96), we can obtain
d
dt
‖(∇2ρ,∇2P )‖22 ≤ C[(‖∇u‖2∞ + 1)‖(∇2ρ,∇2P )‖22 + ‖∇u˙‖22 + 1]. (3.99)
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Applying the Gronwall’s inequality, we have
sup
0≤t≤T
‖(∇2ρ,∇2P )‖22 ≤ C, (3.100)
which combing with (3.97) and (3.98) implies that
∫ T
0
‖(u,H)‖2H3dt ≤ C. (3.101)
Finally, due to the continuity equation (1.1)1, one can get
ρt = −u · ∇ρ− ρdivu, Pt = −u · ∇P − γPdivu, λt = −u · ∇λ− βλdivu, (3.102)
which gives
‖(ρt, Pt, λt)‖H1 ≤ C(‖u‖∞‖∇ρ‖H1 + ‖ρ‖∞‖∇u‖H1) ≤ C. (3.103)
Applying the operator ∂t to (3.102), it follows from (3.92), (3.94), (3.103) and Lemma 2.4.2
that ∫ T
0
‖(ρtt, Ptt, λtt)‖22dx ≤ C
∫ T
0
(‖ut‖24 + ‖u‖2∞‖∇ρt‖22 + ‖ρt‖24‖∇u‖24 + ‖∇ut‖22)dx
≤ C
∫ T
0
(‖ut‖2H1 + 1)dx ≤ C. (3.104)
Thus, the proof of this lemma is completed.
Lemma 3.12. It holds for any 2 < q < +∞ that
sup
0≤t≤T
[t(‖(ut,Ht)‖2H1 + ‖(ρtt, Ptt, λtt)‖22 + ‖(u,H)‖2H3) + ‖(ρ, P )‖W 2,q ]
+
∫ T
0
t(‖√ρutt‖22 + ‖Htt‖22 + ‖(ut,Ht)‖2H2 + ‖(u,H)‖2H4) ≤ C. (3.105)
Proof. First, applying the operator utt∂t to (1.1)2, and integrating with respect to x over
T
2 yields that
‖√ρutt‖22 +
1
2
d
dt
∫
(µ|∇ut|2 + (µ + λ(ρ))|divut|2)dx = 1
2
∫
λt|divut|2dx
−
∫
(∇Pt + ρtut + ρtu · ∇u+ ρu · ∇ut + ρut · ut) · uttdx+
∫
∇(λtdivu) · uttdx
+
∫
[(Ht · ∇)H + (H · ∇)Ht] · uttdx−
∫
∇(H ·Ht) · uttdx. (3.106)
Note that ∫
∇(λtdivu) · uttdx = −
∫
λtdivudivuttdx
= − d
dt
∫
λtdivudivutdx+
∫
(λt|divut|2 + λttdivudivut)dx,
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and
−
∫
∇(H ·Ht) · uttdx =
∫
H ·Htdivuttdx
=
d
dt
∫
H ·Htdivut −
∫
(|Ht|2divut +H ·Httdivut)dx.
Substituting the above identity into (3.106) yields that
‖√ρutt‖22 +
1
2
d
dt
∫
(µ|∇ut|2 + (µ + λ(ρ))|divut|2 + λtdivudivut −H ·Htdivut)dx
=
3
2
∫
λt|divut|2dx+
∫
λttdivudivutdx
−
∫
(∇Pt + ρtut + ρtu · ∇u+ ρu · ∇ut + ρut · ut) · uttdx (3.107)
+
∫
[(Ht · ∇)H + (H · ∇)Ht] · uttdx−
∫
(|Ht|2divut +H ·Htt)divutdx.
Now we estimate the terms on the RHS of (3.107). It follows from (3.102) that
|3
2
∫
λt|divut|2dx| = |3
2
∫
u · ∇λ|divut|2dx− 3β
2
∫
λdivu|divut|2dx|
= |3
∫
λdivutu · ∇(divut)dx+ 3(1 − β)
2
∫
λdivu|divut|2dx|
≤ C‖divut‖2‖∇(divut)‖2 + C‖∇u‖∞‖divut‖22. (3.108)
Note that the standard L2-estimates for elliptic system
µ∆ut +∇((µ+ λ)divut) =ρutt + ρtut + (ρu · ∇u)t +∇Pt +∇(λtdivu)
− (Ht · ∇)H − (H · ∇)Ht +∇(HHt)
show that
‖∇2ut‖2 ≤ C(‖√ρutt‖2 + ‖(ut,Ht)‖4 + ‖(∇ut,∇Ht)‖2 + ‖divu‖∞ + ‖∇3u‖+ 1), (3.109)
where we have used Lemma 3.11 above. Substituting (3.109) into (3.108) yields that
|3
2
∫
λt|divut|2dx| ≤1
8
‖√ρutt‖22 +C(‖∇u‖∞ + 1)‖∇ut‖22 + C‖∇Ht‖22
+ C(‖ut‖24 + ‖Ht‖24 + ‖∇u‖2∞ + ‖∇3u‖22 + 1). (3.110)
−
∫
∇Pt · uttdx =
∫
Ptdivuttdx =
d
dt
∫
Ptdivutdx−
∫
Pttdivutdx
≤ d
dt
∫
Ptdivutdx+ ‖Ptt‖22 + ‖divut‖22. (3.111)
−
∫
ρtut · uttdx =
∫
ρt(
|ut|2
2
)tdx =
d
dt
∫
ρt
|ut|2
2
dx−
∫
ρtt
|ut|2
2
dx, (3.112)
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while
−
∫
ρtt
|ut|2
2
dx =
∫
div(ρu)t
|ut|2
2
dx = −
∫
(ρu)t · ∇ut · utdx
≤ ‖√ρ‖∞‖√ρut‖2‖ut‖4‖∇ut‖4 + ‖u‖∞‖ρt‖4‖ut‖4‖∇ut‖2
≤ C(‖ut‖4‖∇2ut‖2 + ‖ut‖4‖∇ut‖2) (3.113)
≤ C‖ut‖4(‖√ρutt‖2 + ‖ut‖4 + ‖∇ut‖2 + ‖∇u‖∞ + ‖∇3u‖2)
≤ 1
8
‖√ρutt‖22 + C(‖ut‖24 + ‖∇ut‖22 + ‖∇u‖2∞ + ‖∇3u‖22 + 1).
Moreover,it follows from Lemma 3.11 that
−
∫
ρtu · ∇u · uttdx
= − d
dt
∫
ρtu · ∇u · utdx+
∫
ρttu · ∇u · utdx+
∫
ρtut · ∇u · utdx+
∫
ρtu · ∇ut · utdx
≤ − d
dt
∫
ρtu · ∇u · utdx+ C(‖ρtt‖2‖ut‖4 + ‖ut‖24 + ‖∇ut‖2‖ut‖4) (3.114)
≤ − d
dt
∫
ρtu · ∇u · utdx+ C(‖ρtt‖22 + ‖ut‖24 + ‖∇ut‖22),
−
∫
ρu · ∇ut · uttdx ≤ ‖√ρutt‖2‖√ρu‖∞‖∇ut‖2 ≤ 1
8
‖√ρutt‖22 + C‖∇ut‖22, (3.115)
−
∫
ρut · ∇u · uttdx ≤ ‖√ρutt‖2‖∇u‖4‖ut‖4 ≤ 1
8
‖√ρutt‖22 + C‖ut‖24, (3.116)
and
−
∫
λttdivudivutdx ≤ ‖λtt‖2‖∇u‖∞‖divut‖2 ≤ 1
2
(‖λtt‖22 + ‖∇u‖2∞‖divut‖22). (3.117)
At the same time, it holds that∫
(Ht · ∇)H · uttdx = d
dt
∫
(Ht · ∇)H · ut −
∫
(Htt · ∇)H · utdx+
∫
(Ht · ∇)ut ·Htdx
≤ d
dt
∫
(Ht · ∇)H · ut + ‖Htt‖2‖∇H‖4‖ut‖4 + ‖Ht‖4‖∇ut‖2‖Ht‖4
≤ d
dt
∫
(Ht · ∇)H · ut + 1
8
‖Htt‖22 + C‖(∇ut,∇Ht)‖22 + C‖ut‖24, (3.118)
where we have used divH = 0 and Lemma 3.11. Similarly, we have∫
(H · ∇)Ht · uttdx
=
d
dt
∫
(H · ∇)Ht · utdx+
∫
(Ht · ∇)ut ·Htdx+
∫
(H · ∇)ut ·Httdx
≤ d
dt
∫
(H · ∇)Ht · utdx+ ‖Ht‖24‖∇u‖2 + ‖H‖∞‖∇ut‖2‖Htt‖2 (3.119)
≤ d
dt
∫
(H · ∇)Ht · utdx+ 1
8
‖Htt‖22 + C‖∇ut‖22 + C‖∇Ht‖22,
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and
−
∫
(|Ht|2divut +H ·Httdivut)dx ≤ ‖Ht‖24‖divut‖2 + ‖H‖∞‖Htt‖2‖divut‖2
≤ 1
8
‖Htt‖22 +C‖∇ut‖22 + C‖∇Ht‖22. (3.120)
Note that the standard L2-estimates for elliptic system gives that
‖Htt‖2 ≤ −ν d
dt
∫
|∇Ht|2 + ‖Ht‖4‖∇u‖4‖Htt‖2 + ‖H‖4‖∇ut‖2‖Htt‖2
+ ‖ut‖4‖∇H‖4‖Htt‖2 + ‖u‖∞‖∇Ht‖2‖Htt‖2 + ‖H‖∞‖∇ut‖2‖Htt‖2
≤ −ν d
dt
∫
|∇Ht|2 + 1
8
‖Htt‖22 + C‖∇Ht‖22 + C‖∇ut‖22. (3.121)
Combining all the above estimates, one has
1
2
‖√ρutt‖22 +
1
2
‖Htt‖22 +
d
dt
G(t) (3.122)
≤ C[‖(ρtt, Ptt, λtt)‖22 + ‖ut‖24 + ‖∇3u‖22 + (‖∇u‖2∞ + 1)(‖∇ut‖22 + ‖∇Ht‖22 + 1)],
where
G(t) =
∫
(µ|∇ut|2 + ν|∇Ht|2 + (µ+ λ)|divut|2)dx
+
∫
(λtdivudivut − Ptdivut + ρt |ut|
2
2
+ ρtu · ∇u · ut)dx (3.123)
−
∫
((Ht · ∇)H · ut + (H · ∇)Ht · ut +H ·Htdivut)dx.
Note that
|
∫
(λtdivudivut − Ptdivut)dx| ≤ µ
8
‖∇ut‖22 + C‖λt‖24‖divu‖24 + C‖Pt‖22
≤ µ
8
‖∇ut‖22 + C,
|
∫
(ρt
|ut|2
2
+ ρtu · ∇u · ut)dx|
= |
∫
div(ρu)(
|ut|2
2
+ u · ∇u · ut)dx| = |
∫
ρu · (∇ut · ut +∇(u · ∇u · ut))dx|
≤ ‖√ρutt‖2‖√ρu‖∞(‖∇ut‖2 + ‖∇u‖24 + ‖u‖∞‖∇2u‖2) + ‖ρu2‖∞‖∇u‖2‖∇ut‖2
≤ µ
8
‖∇ut‖22 + C,
and
| −
∫
((Ht · ∇)H · ut + (H · ∇)Ht · ut +H ·Htdivut)dx|
= |
∫
((Ht · ∇)ut ·H + (H · ∇)ut ·Ht −H ·Htdivut)dx|
≤ C‖H‖∞‖Ht‖2‖∇ut‖2 ≤ µ
8
‖∇ut‖22 + C.
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Therefore, it holds that
c(‖∇ut‖22 + ‖∇Ht‖22 − 1) ≤ G(t) ≤ C(‖∇ut‖22 + ‖∇Ht‖22 + 1), (3.124)
for some positive constants c and C. Thus, we have
1
2
‖√ρutt‖22 +
1
2
‖Htt‖22 +
d
dt
G(t)
≤ C[‖(ρtt, Ptt, λtt)‖22 + ‖ut‖24 + ‖∇3u‖22 + (‖∇u‖2∞ + 1)(G(t) + 1)]. (3.125)
Multiplying the above inequality by t and then integrating the resulting inequality with
respect to t over the interval [τ, t1] with τ, t1 ∈ [0, T ] give that∫ t1
τ
t(‖√ρutt‖22 +
1
2
‖Htt‖22)dt+ t1G(t1) ≤ τG(τ) + C
∫ t1
τ
[(‖∇u‖2∞ + 1)(tG(t) + 1)]dt
+ C
∫ t1
τ
[‖(ρtt, Ptt, λtt)‖22 + ‖ut‖24 + ‖∇2u‖22 +G(t)]dt.
(3.126)
It follows from Lemma 3.11 and (3.124) that G(t) ∈ L1(0, T ). Thus, there exists a subse-
quence τk such that
τk → 0, τkG(τk)→ 0, as k → +∞.
Taking τ = τk in (3.126), then k → +∞ and using the Gronwall’s inequality, one has that
sup
0≤t≤T
[t(‖∇ut‖22 + ‖∇Ht‖22)] +
∫ T
0
t(‖√ρutt‖22 +
1
2
‖Htt‖22)dt ≤ C, (3.127)
which combining with (3.89) and (3.109) gives that
sup
0≤t≤T
t‖(ρtt, Ptt, λtt)‖22 +
∫ T
0
t(‖∇2ut‖22 + ‖∇2Ht‖22)dt ≤ C, (3.128)
where we have used
t‖ut‖22 ≤ t(‖
√
ρut‖22 + ‖∇ut‖22) ≤ C. (3.129)
So we can conclude that
sup
0≤t≤T
t‖(ut,Ht)‖2H1 +
∫ T
0
t‖(ut,Ht)‖2H2dt ≤ C. (3.130)
Next, applying the operator ∇2 to the elliptic equation (1.1)1, multiplying the resulting
equation by q|∇2ρ|q−2∇2ρ with q > 2, and integrating over T2, one has that
d
dt
‖∇2ρ‖q ≤ C(‖∇u‖∞‖∇2ρ‖q + ‖∇ρ‖2q‖∇2‖2q + ‖ρ‖∞‖∇3u‖q)
≤ C(‖∇u‖∞‖∇2ρ‖q + ‖∇2u‖W 1,q). (3.131)
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Similarly, one has
d
d
‖∇2P‖q ≤ C(‖∇u‖∞‖∇2P‖q + ‖∇2u‖W 1,q). (3.132)
Applying ∂i with i = 1, 2 to the elliptic system (1.1)2 to obtain
µ∆(∂iu) +∇((µ + λ)div(∂iu)) = −∇(∂iλdivu) + ∂iρut + ρ∂iut + ∂iu · ∇u
+ ρ∂iu · ∇u+ ρu · ∂iu+∇∂iP (3.133)
+ ∂i(−H · ∇H) +∇(H · ∂iH) =: Ψ.
Then the standard elliptic regularity estimates imply that
‖∇u‖W 2,q ≤ C(‖∇u‖q + ‖Ψ‖q)
≤ C[1 + (‖∇u‖∞ + 1)‖(∇2ρ,∇2P )‖q + ‖∇u‖W 1,q
+ ‖ut‖W 1,q + ‖∇H‖W 1,q + ‖∇2H‖q] (3.134)
≤ C[1 + (‖∇u‖∞ + 1)‖(∇2ρ,∇2P )‖q + ‖(u,H)‖H3
+ ‖(ut,Ht)‖H1 + ‖∇ut‖q + ‖∇2H‖q].
Similarly,
‖∇H‖W 2,q ≤ C(‖∇H‖q + ‖∇Ht‖q + ‖∇H‖2q‖∇u‖2q + ‖∇2u‖q + ‖∇2H‖q)
≤ C‖(∇u,∇H)‖W 1,q ≤ C‖(u,H)‖H3 . (3.135)
Thus it follows from (3.131)-3.135 that
d
dt
‖(∇2ρ,∇2P )‖q ≤ C[1 + (‖∇u‖∞ + 1)‖(∇2ρ,∇2P )‖q
+ ‖(u,H)‖H3 + ‖(ut,Ht)‖H1 + ‖∇ut‖q] (3.136)
Note that Poincare´’s inequality implies that∫ T
0
‖∇ut‖qdt ≤ C
∫ T
0
‖∇2ut‖dt ≤ C sup
0≤t≤T
√
t‖∇2ut‖2
∫ T
0
t
1
2 dt ≤ C. (3.137)
Therefore, by the Gronwall’s inequality, one has
sup
0≤t≤T
‖(∇2ρ,∇2P )‖q ≤ C. (3.138)
Finally, since
‖∇u˙‖2 ≤ ‖∇ut‖2 + ‖∇(u · ∇u)‖2 ≤ C‖∇ut‖2 + C,
it follows from (3.87), (3.97) and (3.98) that
t‖(u,H)‖2H3 ≤ C. (3.139)
Applying ∂j with j = 1, 2 to (3.133), the standard L
2-estimates easily gives that∫ T
0
t‖(u,H)‖2H4 ≤ C. (3.140)
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Lemma 3.13. It holds for any 2 < q < +∞ that
sup
0≤t≤T
[t2(‖√ρutt‖22 + ‖Htt‖22 + ‖(ut,Ht)‖2H2 + ‖(u,H)‖2W 3,q )]
+
∫ T
0
t2(‖∇utt‖22 + ‖∇Htt‖22)dt ≤ C. (3.141)
Proof. First, applying the operator ∂tt to the equation (1.1)2 gives that
ρuttt + ρu · ∇utt − µ∆utt −∇((µ+ λ)divutt)
= −∇Ptt − ρtt(ut + u · ∇u)− 2ρt(utt + ut · ∇u+ u · ∇ut)− 2ρut · ∇ut
− ρutt · ∇u+ 2∇(λtdivut) +∇(λttdivu)
+ (Htt · ∇)H + 2(Ht · ∇)Ht + (H · ∇)Htt −∇(|Ht|2 +HHtt).
Multiplying the above equation by t2utt and integrating the resulting equation with respect
to x over T2 yields that
1
2
d
dt
(t2
∫
ρ|utt|2dx)− t
∫
ρ|utt|2dx+ t2
∫
µ|∇utt|2 + (µ + λ)(divutt)2dx = t2
∫
Pttdivuttdx
− t2
∫
ρtt(ut + u · ∇u) · uttdx− 2t2
∫
ρt(utt + ut · ∇u+ u · ∇ut) · uttdx
− 2t2
∫
ρut · ∇ut · uttdx− t2
∫
ρutt · ∇u · uttdx− 2t2
∫
λtdivutdivuttdx− t2
∫
λttdivudivuttdx
− t2
∫
(Htt · ∇)utt ·H + 2(Ht · ∇)utt ·Ht + (H · ∇)utt ·Httdx+ t2
∫
(|Ht|2 +HHt)divuttdx
=:
9∑
1
Ki. (3.142)
Clearly,
|K1| ≤ εt2‖divutt‖22 + Ct2‖Ptt‖22. (3.143)
Now we estimate K2. First, rewrite K2 as
K2 = t
2
∫
div(ρu)tu˙ · uttdx = −t2
∫
(ρu)t · ∇(u˙ · utt)dx
= −t2
∫
ρut · ∇(u˙ · utt)dx− t2
∫
ρtu · ∇utt · u˙− t2
∫
ρtu · u˙ · uttdx
= −t2
∫
ρut · ∇(u˙ · utt)dx− t2
∫
ρtu · ∇utt · u˙− t2
∫
ρu · ∇(u · u˙ · utt)dx
=: K21 +K22 +K23. (3.144)
Now, direct estimates yields that
|K21| ≤ t2‖√ρutt‖2‖√ρ‖∞‖ut‖∞‖∇u˙‖2 + t2‖ρ‖∞‖∇utt‖2‖ut‖4‖u˙‖4
≤ Ct2[‖√ρutt‖2‖ut‖H2‖∇u˙‖2 + ‖∇utt‖2‖ut‖H1‖u˙‖H1 ] (3.145)
≤ εt2‖∇utt‖22 + C(t2‖
√
ρutt‖22‖∇u˙‖22 + t2‖ut‖2H2 + ‖∇u˙‖22 + 1),
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|K22| ≤ t2‖∇utt‖2‖u‖∞‖ρt‖4‖u˙‖4 ≤ t2‖∇utt‖2‖ρt‖H1‖u˙‖H1
≤ εt2‖∇utt‖22 +C(‖∇u˙‖22 + 1), (3.146)
and
|K23| ≤ t2(‖√ρutt‖2‖√ρu‖∞‖∇u‖∞‖∇u˙‖2 + ‖∇utt‖2‖ρu2‖∞‖∇u˙‖2
‖√ρutt‖2‖√ρu2‖∞(‖∇2ut‖2 + ‖u‖∞‖∇3u‖2 + ‖∇u‖∞‖∇2u‖2)) (3.147)
≤ εt2‖∇2utt‖22 + C[t2‖
√
ρutt‖22(‖∇u‖2∞ + 1) + t2‖∇2ut‖22 + t2‖u‖2H3 + ‖∇u˙‖22].
As to other terms, one has,
|K3| = −2t2
∫
ρu · ∇((utt + ut · ∇u+ u · ∇ut) · utt)dx
≤ Ct2[‖√ρu‖∞‖√ρutt‖2‖∇utt‖2 + ‖ρu‖∞‖∇utt‖2(‖ut · ∇u‖2 + ‖u · ∇ut‖2)
+ ‖√ρu‖∞‖√ρutt‖2(‖∇(ut · ∇u)‖2 + ‖∇(u · ∇ut)‖)]
≤ εt2‖∇utt‖22 + Ct2(t2‖
√
ρutt‖22 + t2‖ut‖2H2 + ‖∇3u‖3 + 1), (3.148)
|K4| ≤ t2‖√ρutt‖2‖√ρ‖∞‖ut‖4‖∇ut‖4 ≤ εt2‖√ρutt‖22 + C(‖∇2‖22 + 1), (3.149)
|K5| ≤ Ct2‖√ρutt‖22‖∇u‖∞, (3.150)
|K6| ≤ Ct2‖divutt‖2‖λt‖4‖∇ut‖4 ≤ εt2‖divutt‖22 + C(t2‖∇2ut‖22 + 1), (3.151)
|K7| ≤ t2‖divutt‖2‖λtt‖4‖∇u‖∞ ≤ εt2‖divutt‖22 + Ct2‖λtt‖22‖u‖2H3 , (3.152)
|K8 +K9| ≤ Ct2[‖Htt‖2‖∇utt‖2 + ‖Ht‖24‖∇utt‖2 + (‖Ht‖24 + ‖Htt‖2)‖divutt‖2]
≤ εt2(‖∇utt‖22 + ‖divutt‖22) +C(t2‖Htt‖22 + 1). (3.153)
Substituting the above estimates on Ki into (3.142) and then integrating the resulting
inequality with respect t over [τ, t1] give that
t21(‖
√
ρutt(t1)‖22 + ‖Htt(t1)‖22 +
∫ t1
τ
t2‖∇utt‖22dt ≤ C + Cτ2‖
√
ρutt(τ)‖22. (3.154)
Since t
√
ρutt ∈ L2([0, T ] × T2), there exists a subsequence τk such that
τk → 0, τ2k‖
√
ρutt(τk)‖22 → 0, as k → +∞. (3.155)
Letting τ = τk and k → +∞, one obtains that
t2(‖√ρutt‖22 + ‖Htt‖22) +
∫ t
0
s2‖∇utt(s)‖22dt ≤ C. (3.156)
By (3.109) that
sup
0≤t≤T
t2‖∇2ut‖22 ≤ C sup
0≤t≤T
(t2‖√ρutt‖22 + t2‖ut‖2H1 + t2‖u‖2H3 + 1) ≤ C. (3.157)
Finally, by (3.134) and (3.135), we obtain that
sup
0≤t≤T
t2‖(∇u,∇H)‖2W 2,q ≤ C sup
0≤t≤T
(t2‖(u,H)‖2H3 + t2‖ut‖2H2 + 1) ≤ C. (3.158)
So the proof of the Lemma is completed.
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4 A Priori estimate (II)
In this section, we will mainly derive the a priori estimates upper bound of density for the
(IVP) of (1.1) and (1.5)-(1.6) on the whole space R2 under the assumption inf
x∈R2
ρ0 ≥ δ > 0.
These estimates is uniform with respect to δ.
Comparing with the periodic problems of the compressible MHD equations studied in
Chapter 2, some new difficulties must be overcome to obtain the upper bound of the density.
First, the Poincare´-type inequality fails for the 2D Cauchy problem on R2 so that the Lp-
integrability of the velocity u does not follow from ||∇u||2 directly, although the bound
||∇u||2 also derived from the elementary energy estimates easily. While the Lp-integrability
(2 ≤ p < ∞) of the velocity u plays a crucial role in the arbitrary Lp-integrability of
the density ρ. We will make use of the Caffarelli-Kohn-Nirenberg inequality to derive the
weighted estimates of the velocity |x|a2∇u ∈ L2((0, T ) × R2), which is strongly coupled
with the higher integrability estimates of the density ρ. For the 2D Cauchy problem with
non-vacuum far fields, we will seek for the arbitrary Lp estimates of ρ− ρ˜ since the loss of
integrability of the density ρ itself.
First we state the elementary energy estimates and a priori L∞t L
p
x estimates for magnetic
field H for 2D Cauchy problem on R2. We omit the proof of these estimates for simplicity
since the similarity to Lemma 3.1 and Lemma 3.2 proved in the last subsection for the
periodic problem.
Lemma 4.1. There exists a positive constant C only depending on (ρ0, u0,H0), such that
for ρ˜ ≥ 0, it holds that
sup
0≤t≤T
(‖√ρu‖22 + ‖Ψ(ρ, ρ˜)‖1 + ‖H‖22)
+
∫ T
0
(‖∇u‖22 + ‖ω‖22 + ‖(2µ + λ(ρ))1/2divu‖22 + ‖∇H‖22)dt ≤ C (4.1)
where the potential energy Ψ(ρ, ρ˜) is given either ρ˜ > 0 or ρ˜ = 0 by
Ψ(ρ, ρ˜) =
1
γ − 1[ρ
γ − ρ˜γ − γρ˜γ−1(ρ− ρ˜)]. (4.2)
Moreover, if ρ˜ = 0, one has sup
0≤t≤T
‖ρ‖1 ≤ C.
Lemma 4.2. For any p ≥ 2, there exists a positive constant C such that
sup
0≤t≤T
‖H‖p ≤ C. (4.3)
Now we derive the L∞t L
p
x (2 ≤ p < +∞) estimates of the density ρ − ρ˜ (ρ˜ ≥ 0) in the
following two cases separately.
Case I: initial density with vacuum at far fields, that is, ρ˜ = 0.
The following weighted energy estimates are fundamental and crucial in this section.
Lemma 4.3. If one of the following restrictions holds:
1) 1 < a < 2
√√
2− 1, β > 0, γ > 1, (4.4)
2) 0 < a ≤ 1, β > 1
2
, 1 < γ ≤ 2β, (4.5)
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then it holds that for sufficiently large m > 1 and any t ∈ [0, T ]∫
|x|a(ρ|u|2 + ργ + |H|2)(t, x)dx
+
∫ t
0
[‖|x|a2∇u‖22 + ‖|x|
a
2∇H‖22|+ ‖x|
a
2 divu‖22 + ‖|x|
a
2
√
λ(ρ)divu‖22](s)ds
≤ Ca[1 +
∫ t
0
(‖ρ‖β2mβ+1(s) + 1)(‖∇u‖22(s) + 1)ds] (4.6)
where the positive constant Ca may depend on a but is independent of m.
Proof. Multiplying the equation (1.1)2 by u and equation (1.1)3 by H, summing the result-
ing equations and using the continuity equation (1.1)1, we have
d
dt
(ρ
|u|2
2
+
|H|2
2
+
ργ
γ − 1) + div(ρu
|u|2
2
+
γργu
γ − 1)
= div((u×H)×H) + div[µ∇( |u|
2
2
) + ν∇( |H|
2
2
) + (µ + λ(ρ)(divu)u)]
− µ|∇u|2 − ν|∇H|2 − (µ+ λ(ρ)(divu)2),
Multiplying the above identity by |x|a and integrating over R2,it holds that
d
dt
∫
|x|a[ρ |u|
2
2
+
|H|2
2
+
ργ
γ − 1]dx
+
∫
[µ‖|x|a2∇u‖22 + ν‖|x|
a
2∇H‖22 + µ‖|x|
a
2divu‖22 + ‖|x|
a
2
√
λ(ρ)divu‖22](s)dx
=
∫
[ρu
|u|2
2
+
γργu
γ − 1] · ∇(|x|
a)dx (4.7)
−
∫
[µ∇( |u|
2
2
) + (µ+ λ(ρ)divuu)] · ∇(|x|a)dx
−
∫
ν∇( |H|
2
2
) · ∇(|x|a)dx−
∫
((u×H)×H) · ∇(|x|a)dx =:
4∑
i=1
Ii,
Now we estimate the terms on the RHS of (4.7). As to the first two terms, which had been
estimated in Lemma 3.2 of Jiu-Wang-Xin[30] for compressible Navier-Stokes, it holds that
|I1| ≤ σ|||x|
a
2∇u||22 + Cσ(||ρ||β2mβ+1)(||∇u||22 + 1) (4.8)
and
|I2| ≤ σ[‖|x|
a
2
√
λ(ρ)divu‖22 + ‖|x|
a
2∇u‖22]
+
µa2
2
‖|x|a2∇u‖22 +
µa2
2
‖|x|a2 divu‖2‖|x|
a
2∇u‖2 (4.9)
+ Cσ(‖ρ‖β2mβ+1)‖∇u‖22
Next, the last two terms estimate as follows,
|I3| ≤ νa
∫
|H||∇H||x|a−1dx ≤ νa‖|x|a2−1H‖2‖|x|
a
2∇H‖2 ≤ νa
2
2
‖|x|a2∇H‖22 (4.10)
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where we have used the Caffarelli-Kohn-Nirenberg inequality with best constant shown in
Lemma 2.4(2). While,
|I4| ≤ 2
∫
|u||H|2|x|a−1dx ≤ 2‖|x|a−1u‖q1‖H2‖p1 ≤ C‖∇u‖θ12 ‖|x|κ1u‖1−θ1r1
≤ C‖∇u‖θ12 ‖|x|
a
2∇u‖1−θ12 ≤ σ‖|x|
a
2∇u‖22 + C(‖∇u‖22 + 1) (4.11)
where we have used the Caffarelli-Kohn-Nirenberg inequality and Holder’s inequality so
that the indexes p1 > 1, q1 > 1, r1 > 0, θ1 ∈ (0, 1) satisfy
1
p1
+
1
q1
= 1;
1
q1
+
a− 1
2
= (1− θ1)( 1
r1
+
κ1
2
);
1
r1
+
κ1
2
=
1
2
+
a
2 − 1
2
.
which follows that
p1 =
4
a(1 + θ1) + 2
> 1
by choosing 0 < a < 2, θ1 ∈ (0, 1). Substituting (4.8)-(4.11) into (4.7), one has
d
dt
∫
|x|a[ρ |u|
2
2
+
|H|2
2
+
ργ
γ − 1]dx+ J(t) (4.12)
≤ σ(|||x|a2∇u||22 + 3|||x|
a
2
√
λ(ρ)divu||22) + Cσ(||ρ||β2mβ+1 + 1)(||∇u||22 + 1)
where J(t) is defined as follows
J(t) := µ(1− a
2
2
)‖|x|a2∇u‖22(t)−
µa2
2
‖|x|a2∇u‖2‖|x|
a
2 divu‖2(t) + µ‖|x|
a
2 divu‖22(t)
+ ‖|x|a2
√
λ(ρ)divu‖22 + ν(1−
a2
2
)‖|x|a2∇H‖22 (4.13)
If the weight a satisfies
0 < a2 < 4(
√
2− 1)
then there exists a positive constant Ca such that
J(t) ≥ Ca(‖|x|
a
2∇u‖22 + ‖|x|
a
2 divu‖22 + ‖|x|
a
2
√
λ(ρ)divu‖22 + ‖|x|
a
2∇H‖22) (4.14)
Therefore, by choosing σ suitable small, the result directly follows from (4.12)-(4.14) and
the fact ∫
|x|aργ0dx ≤ ‖|x|aρ0‖1‖ργ−10 ‖∞ ≤ C‖ρ0(1 + |x|a1)‖1‖ρ0‖γ−1W 2,q(R2) ≤ C.
Applying the operator div to the momentum equation (1.1)2,we have
[div(ρu)]t + div[div(ρu⊗ u−H ⊗H)] = ∆F. (4.15)
where the effective flux F is given by
F := (2µ + λ(ρ))divu− P (ρ)− |H|
2
2
(4.16)
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Similar to the periodic problem studied in last subsection, we need the following elliptic
estimates to derive the arbitrary Lp integrability of the density.
Consider the following two elliptic problems on R2:
−∆ξ = div(ρu), ξ → 0 as |x| → +∞, (4.17)
−∆η = div[div(ρu⊗ u−H ⊗H)], η → 0 as |x| → +∞, (4.18)
We have the following elliptic estimates like ones in last subsection:
Lemma 4.4.
(1) ‖∇ξ‖2m ≤ Cm‖ρ‖ 2mk
k−1
‖u‖2mk, for any k > 1,m ≥ 1;
(2) ‖∇ξ‖2−r ≤ C‖ρ‖
1
2
2−r
r
, for any 0 < r < 1;
(3) ‖η‖ ≤ Cm(‖ρ‖ 2mk
k−1
‖u‖24mk + ‖H‖24m), for any k > 1,m ≥ 1;
where C are positive constants independent of m,k and r.
Based on the above lemma, it holds that
Lemma 4.5.
(1) ‖ξ‖2m ≤ Cm
1
2 ‖∇ξ‖ 2m
m+1
≤ Cm 12 ‖ρ‖
1
2
m, for any m ≥ 2;
(2) ‖u‖2m ≤ Cm
1
2 ‖∇u‖1−
1
ma
2 ‖|x|
a
2∇u‖
1
ma
2 , for any m+ 1 ≥
4
a
;
(3) ‖∇ξ‖2m ≤ Cm
3
2k
1
2‖ρ‖ 2mk
k−1
‖∇u‖1−
2
mka
2 ‖|x|
a
2∇u‖
2
mka
2 , for any m+ 1 ≥
4
a
, k > 1;
(4) ‖η‖2m ≤ Cm2k‖ρ‖ 2mk
k−1
‖∇u‖2−
2
mka
2 ‖|x|
a
2∇u‖
2
mka
2 , for any m+ 1 ≥
4
a
, k > 1;
Note that, as shown in Lemma 4.5(2), ||u||2m can’t be bounded by ||∇u||2 only but
instead of by the additional weighted-norm of ∇u. This is the key difference to the periodic
problem. The proof of the lemma follows from the Ho¨lder inequality and the Caffarelli-
Kohn-Nirenberg inequality in Lemma 2.4(2) directly. One can refer to [30].
Finally, with these estimates at hand, we can obtain the L∞t L
p
x-estimates of the density
ρ. One can refer to the Lemma 3.5 of Jiu-Wang-Xin[30] and the Lemma 3.5 in the last
subsection for the proof, we omit here for simplicity.
Lemma 4.6. Assume β > 1, for any p ≥ 1,
sup
0≤t≤T
||ρ||p ≤ Cp
2
β−1 , (4.19)
where C is a positive constant independent of p.
Case II: initial density with nonvacuum at far fields, that is, ρ˜ > 0.
Corresponding to Case I, we first obtain the following weighted energy estimates
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Lemma 4.7. For a > 0 satisfying a2 <
4(
√
2+
λ(ρ˜)
µ
−1)
1+
λ(ρ˜)
µ
and γ < 2β, it holds that for suffi-
ciently large m > 1 and any t ∈ [0, T ]∫
|x|a[ρ|u|2 +Ψ(ρ, ρ˜) + |H|2](t, x)dx
+
∫ t
0
[‖|x|a2∇u‖22 + ‖|x|
a
2∇H‖22|+ ‖|x|
a
2 divu‖22 + ‖|x|
a
2
√
λ(ρ)divu‖22](s)ds
≤ Ca[1 +
∫ t
0
(‖ρ− ρ˜‖β2mβ+1(s) + 1)(‖∇u‖22(s) + 1)ds] (4.20)
where the positive constant Ca may depend on a but is independent of m.
Proof. Multiplying the equation (1.1)2 by u and equation (1.1)3 by H, summing the result-
ing equations and using the continuity equation (1.1)1, we have
d
dt
(ρ
|u|2
2
+
|H|2
2
+ Ψ(ρ, ρ˜)) + div(ρu
|u|2
2
+ Ψ(ρ, ρ˜)u+ (P (ρ)− P (ρ˜))u)
= div((u×H)×H) + div[µ∇( |u|
2
2
) + ν∇( |H|
2
2
) + (µ+ λ(ρ)divuu)]
− µ|∇u|2 − ν|∇H|2 − (µ + λ(ρ)(divu)2),
Multiplying the above identity by |x|a and integrating over R2,it holds that
d
dt
∫
|x|a[ρ |u|
2
2
+
|H|2
2
+ Ψ(ρ, ρ˜)]dx
+
∫
[µ‖|x|a2∇u‖22 + ν‖|x|
a
2∇H‖22 + µ‖|x|
a
2 divu‖22 + ‖|x|
a
2
√
λ(ρ)divu‖22](s)dx
=
∫
[ρu
|u|2
2
+ Ψ(ρ, ρ˜)u+ (P (ρ)− P (ρ˜))u] · ∇(|x|a)dx (4.21)
−
∫
[µ∇( |u|
2
2
) + (µ + λ(ρ)divuu)] · ∇(|x|a)dx
−
∫
ν∇( |H|
2
2
) · ∇(|x|a)dx−
∫
((u×H)×H) · ∇(|x|a)dx =:
4∑
i=1
Ii,
Now we estimate the terms on the RHS of (4.21). As to the first two terms, which had been
estimated in Lemma 3.2 of Jiu-Wang-Xin[31] for compressible Navier-Stokes, it holds that
|I1| ≤ σ‖|x|
a
2∇u‖22 +C(1 + ‖|x|
a
2
√
ρu‖22 + ‖ρ− ρ˜‖β2mβ)(‖∇u‖22 + 1) (4.22)
and
|I2| ≤ σ[‖|x|
a
2
√
λ(ρ)divu‖22 + ‖|x|
a
2∇u‖22]
+
µa2
2
‖|x|a2∇u‖22 +
µa2
2
‖|x|a2 divu‖2‖|x|
a
2∇u‖2 (4.23)
+
a2
√
λ(ρ˜)
2
‖|x|a2
√
λ(ρ)divu‖2‖|x|
a
2∇u‖2 + C(1 + ‖ρ− ρ˜‖β2mβ)(‖∇u‖22 + 1)
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Next, the last two terms can be estimate as follows,
|I3| ≤ νa
∫
|H||∇H||x|a−1dx ≤ νa‖|x|a2−1H‖2‖|x|
a
2∇H‖2 ≤ νa
2
2
‖|x|a2∇H‖22 (4.24)
where we have used the Caffarelli-Kohn-Nirenberg inequality with best constant.
|I4| ≤ 2
∫
|u||H|2|x|a−1dx ≤ 2‖|x|a−1u‖q2‖H2‖p2 ≤ C‖∇u‖θ22 ‖|x|κ2u‖1−θ2r2
≤ C‖∇u‖θ22 ‖|x|
a
2∇u‖1−θ22 ≤ σ‖|x|
a
2∇u‖22 + C(‖∇u‖22 + 1) (4.25)
where we have used the Caffarelli-Kohn-Nirenberg inequality and Ho¨lder inequality so that
the indexes p2 > 1, q2 > 1, r2 > 0, θ2 ∈ (0, 1), determined by the indexes relationship in
integral inequalities, satisfy
1
p2
+
1
q2
= 1;
1
q2
+
a− 1
2
= (1− θ2)( 1
r2
+
κ2
2
);
1
r2
+
κ2
2
=
1
2
+
a
2 − 1
2
.
It follows that
p2 =
4
a(1 + θ2) + 2
> 1
by choosing 0 < a < 2, θ2 ∈ (0, 1). Substituting (4.22)-(4.25) into (4.21),one has
d
dt
∫
|x|a[ρ |u|
2
2
+
|H|2
2
+ Ψ(ρ, ρ˜)]dx + J(t)
≤ σ(‖|x|a2∇u‖22 + ‖|x|
a
2
√
λ(ρ)divu‖22) (4.26)
+ C(1 + ‖|x|a2√ρu‖22 + ‖ρ− ρ˜‖β2mβ)(‖∇u‖22 + 1)
where J(t) is defined as follows
J(t) := µ(1− a
2
2
)‖|x|a2∇u‖22(t)−
µa2
2
‖|x|a2∇u‖2‖|x|
a
2 divu‖2(t) + µ‖|x|
a
2divu‖22(t)
+ ‖|x|a2
√
λ(ρ)divu‖22 −
a2
√
λ(ρ˜))
2
‖|x|a2
√
λ(ρdivu‖2 + ν(1− a
2
2
)‖|x|a2∇H‖22 (4.27)
Similar to the proof in [31], if the weight a satisfies
0 < a2 <
4(
√
2 + λ(ρ˜)µ − 1)
1 + λ(ρ˜)µ
then there exists a positive constant Ca such that
J(t) ≥ Ca(|||x|
a
2∇u||22 + |||x|
a
2 divu||22 + |||x|
a
2
√
λ(ρ)divu||22 + |||x|
a
2∇H||22) (4.28)
It follows from (4.26)-(4.28) that
d
dt
∫
|x|a[ρ |u|
2
2
+
|H|2
2
+ Ψ(ρ, ρ˜)]dx
+ Ca(‖|x|
a
2∇u‖22 + ‖|x|
a
2 divu‖22 + ‖|x|
a
2
√
λ(ρ)divu‖22 + ‖|x|
a
2∇H‖22)
≤ σ(‖|x|a2∇u‖22 + C(1 + ‖|x|
a
2
√
ρu‖22 + ‖ρ− ρ˜‖β2mβ)(‖∇u‖22 + 1) (4.29)
Therefore, the result follows from Gronwall’s inequality which complete the proof of the
lemma.
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Applying the operator div to the momentum equation (1.1)2,we have
[div(ρu)]t + div[div(ρu⊗ u−H ⊗H)] = ∆F. (4.30)
where the effective flux F is given by
F := (2µ + λ(ρ))divu− (P (ρ)− P (ρ˜))− |H|
2
2
(4.31)
Consider the following elliptic problems in R2
−∆ξ1 = div((√ρ−
√
ρ˜)
√
ρu); ξ1 −→ 0 as |x| −→ +∞ (4.32)
−∆ξ2 =
√
ρ˜div(
√
ρu); ξ2 −→ 0 as |x| −→ +∞ (4.33)
−∆η = div(div(ρu⊗ u−H ⊗H)); η −→ 0 as |x| −→ ∞ (4.34)
Similar to the proof of Lemma 3.3-3.5 in [31] and the corresponding lemmas for periodic
problem in the lase section, we can obtain the following lemmas,
Lemma 4.8.
(1) ‖∇ξ1‖2m ≤ Cm‖ρ− ρ˜‖ 2mk
k−1
‖u‖2mk, for any k > 1,m ≥ 1;
(2) ‖∇ξ1‖2−r ≤ C‖√ρ−
√
ρ˜‖
1
2
2(2−r)
r
, for any 0 < r < 1;
(3) ‖∇ξ2‖2m ≤ Cm[‖ρ− ρ˜‖ 2mk
k−1
‖u‖2mk +
√
ρ˜‖u‖2m], for any k > 1,m ≥ 1;
(4) ‖|x|a2∇ξ2‖2 ≤ C‖|x|
a
2
√
ρu‖2, for a satisfying 0 < a2 <
4(
√
2 + λ(ρ˜)µ − 1)
1 + λ(ρ˜)µ
;
(5) ‖η|| ≤ Cm(‖ρ− ρ˜‖ 2mk
k−1
‖u‖2mk + ρ˜‖u‖24m + ‖H‖24m), for any k > 1,m ≥ 1,
where C are positive constants independent of m,k and r.
Lemma 4.9.
(1) ‖ξ1‖2m ≤ Cm
1
2 ‖∇ξ‖ 2m
m+1
≤ Cm 12‖ρ− ρ˜‖2m, for any m ≥ 2;
(2) ‖ξ2‖2m ≤ Cm
1
2 ‖|x|a2√ρu‖
2
ma
2 , for any m+ 1 >
4
a
;
(3) ‖u‖2m ≤ Cm
1
2 [‖∇u‖2 + 1], for any m ≥ 1 ;
(4) ‖∇ξ1‖2m ≤ Cm
3
2 k
1
2‖ρ− ρ˜‖ 2mk
k−1
(‖∇u‖2 + 1), for anym ≥ 1, k > 1;
(5) ‖∇ξ2‖2m ≤ Cm
3
2 (k
1
2 ‖ρ− ρ˜‖ 2mk
k−1
+ 1)(‖∇u‖2 + 1), for any k > 1,m ≥ 1;
(6) ‖η‖2m ≤ Cm2(k‖ρ− ρ˜‖ 2mk
k−1
+ 1)(‖∇u‖2 + 1), for any m ≥ 1, k > 1;
where C are positive constants independent of m,k.
Lemma 4.10. Assume β > 1, for any p ≥ 2,
sup
0≤t≤T
‖ρ− ρ˜‖p ≤ Cp
2
β−1 , (4.35)
where C is a positive constant independent of p.
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The remaining a priori estimates to give the upper bound of the density ρ either ρ˜ = 0
or ρ˜ > 0 are all similar to relevant ones(Lemma 3.6-3.8) for the periodic problems proved
in the lase section. We only need to instead the corresponding estimates for ‖u‖2m and ρ
by Lemma 4.5(2) for ρ˜ = 0 and Lemma 4.10 for ρ˜ > 0 respectively. So, we obtain that
Lemma 4.11. There exist a positive constant C such that
0 ≤ ρ(t, x) ≤ C, ∀(t, x) ∈ [0, T ]× R2. (4.36)
5 Proof of main results
5.1 Proof of Theorem 1.1
We first construct the approximation of the initial data as follows.
Define ρδ0 = ρ0 + δ, P
δ
0 = P (ρ0) + δ for any small positive constant δ > 0. To approximate
the initial velocity, we define uδ0 to be the unique solution to the following elliptic problem
Lρδ0u
δ
0 := µ∆u
δ
0 +∇((µ+ λ(ρδ0))divuδ0) = ∇P δ0 − (∇×H0)×H0 +
√
ρ0g (5.1)
with the periodic boundary condition on T2 and
∫
T2
uδ0dx =
∫
T2
u0dx =: u¯0. It should be
noted that uδ0 is uniquely determined due to the compatibility condition.
It follows from (5.1) that
Lρ0uδ0 : = µ∆uδ0 +∇((µ+ λ(ρ0))divuδ0)
= −∇[(λ(ρδ0)− λ(ρ0))divuδ0] +∇P δ0 − (∇×H0)×H0 +
√
ρ0g. (5.2)
By the elliptic regularity, it holds that
||uδ0 − u¯0||H2 ≤ C(||λ(ρδ0)− λ(ρ0)||∞||∇(divuδ0)||2 + ||∇(λ(ρδ0)− λ(ρ0))||∞||divuδ0||2
+ ||∇P δ0||2 + ||(∇×H0)×H0||2 + ||
√
ρ0g||2)
≤ C(δ||uδ0||H2 + ||P0||H1 + ||H0||H2 + ||
√
ρ0||∞||g||2)
≤ C(δ||uδ0||H2 + 1), (5.3)
where the generic positive constant C is independent of δ > 0.
Therefore, if δ << 1, then (5.3) yields that
||uδ0||H2 ≤ C, (5.4)
where the generic positive constant C is independent of δ > 0.
Replacing the initial data (ρ0, u0,H0) by (ρ
δ
0, u
δ
0,H0), the Theorem 1.1 and the a priori
estimates obtained in section 3 yields that the problem (1.1)-(1.5) has a unique classical
solution (ρδ, uδ ,Hδ) satisfying the regularity (1.9). Next, we show that this gives the unique
classical solution to original problem by taking the limit δ → 0.
Due to the compatibility condition (1.8) and (5.1), it holds that
Lρ0(uδ0 − u0) = ∇[(λ(ρδ0)− λ(ρ0))divuδ0].
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Therefore, by the elliptic regularity, it follows from (5.4) that
||uδ0 − u0||H2 ≤ C(||λ(ρδ0)− λ(ρ0)||∞||∇2uδ0||2 + ||∇(λ(ρδ0)− λ(ρ0))||∞||divuδ0||2)
≤ Cδ → 0, as δ → 0. (5.5)
Clearly, ||ρδ0 − ρ0||W 2,q → 0, as δ → 0. Thus, since the uniform-in-δ bounds we have, the
approximation solution (ρδ, uδ ,Hδ) converge to the solution (ρ, u,H) with the regularity
(1.9) to the problem (1.1)-(1.4) with the initial data (1.5).
Finally, the regularity (1.9) of the solution implies that it is a classical solution. Since
(u,H) ∈ L2(0, T ;H3(T2)) and ut ∈ L2(0, T ;H1(T2)), so the Sobolev embedding theorem
implies that
u ∈ C([0, T ];H2(T2)) →֒ C([0, T ]× T2).
It follows from (ρ, P ) ∈ L∞(0, T ;W 2,q(T2)) and (ρt, Pt) ∈ L∞(0, T ;H1(T2)) that (ρ, P ) ∈
C([0, T ];W 1,q(T2)) ∩ C([0, T ];W 2,q(T2)− weak). This and (3.136) then imply that
(ρ, P (ρ)) ∈ C([0, T ];W 2,q(T2)).
Since for any τ ∈ (0, T ),
(∇(u,H),∇2(u,H)) ∈ L∞(τ, T ;W 1,q(T2)), (∇(ut,Ht),∇2(ut,Ht) ∈ L∞(τ, T ;L2(T2))).
Therefore, the Aubin-Lions lemma gives that
(∇(u,H),∇2(u,H)) ∈ C([τ, T ]× T2).
Due to the fact that
∇(ρ, P ) ∈ C([0, T ];W 1,q(T2)) →֒ C([0, T ]× T2)
and the continuity equation (1.1)1, it holds that
ρt ∈ C([τ, T ]× T2).
It follows from the momentum equation (1.1)2 that
(ρu)t ∈ C([τ, T ]× T2).
Thus we completed the proof of Theorem 1.1.
5.2 Proof of Theorem 1.4
Now we give the approximation scheme of the initial data to obtain the global classical
solution of the Cauchy problem on R2 permitting the appearance of the vacuum. We con-
struct the approximation of the initial data as follows, proposed in [24, 30] for compressible
Navier-Stokes equations.
Define ρδ0 = ρ0 + δe
−|x|2 , P δ0 = P (ρ0) + δe
−|x|2 for any small positive constant δ > 0. To
approximate the initial velocity, we define uδ0 as
uδ0 =
{
u˜δ0, |x| ≤M + 1,
u0, |x| ≥M + 1, (5.6)
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where u˜δ0 to be the unique solution to the following elliptic problem in ΩM := {x : |x| <
M + 1}
Lρδ0
u˜δ0 := µ∆u˜
δ
0 +∇((µ + λ(ρδ0))divu˜δ0) = ∇P δ0 − (∇×H0)×H0 +
√
ρ0g (5.7)
with boundary value u˜δ0 = u0 at |x| = M + 1. It should be noted that uδ0 is uniquely
determined due to the compatibility condition.
It follows from (5.7) that
Lρ0 u˜
δ
0 : = µ∆u˜
δ
0 +∇((µ + λ(ρ0))divu˜δ0)
= −∇[(λ(ρδ0)− λ(ρ0))divu˜δ0] +∇P δ0 − (∇×H0)×H0 +
√
ρ0g (5.8)
By the elliptic regularity, it holds that
||u˜δ0||H2(ΩM ) ≤ C(||λ(ρδ0)− λ(ρ0)||∞||∇(divu˜δ0)||2 + ||∇(λ(ρδ0)− λ(ρ0))||∞||divu˜δ0||2
+ ||∇P δ0||2 + ||(∇×H0)×H0||2 + ||
√
ρ0g||2)
≤ C(δ||u˜δ0||H2 + ||P0||H1 + ||H0||H2(ΩM ) + ||
√
ρ0||∞||g||2)
≤ C(δ||u˜δ0||H2(ΩM ) + 1) (5.9)
where the generic positive constant C is independent of δ > 0.
Therefore, if δ << 1, then (5.9) yields that
||u˜δ0||H2(ΩM ) ≤ C (5.10)
where the generic positive constant C is independent of δ > 0.
Due to the compatibility condition (1.11) and (5.7), it holds that
Lρ0(u˜
δ
0 − u0) = ∇[(λ(ρδ0)− λ(ρ0))divuδ0] in ΩM
with (u˜δ0 − u0) = 0 at |x| = M + 1. Therefore, by the elliptic regularity, it follows from
(5.10) that
||u˜δ0 − u0||H2(ΩM ) ≤ C(||λ(ρδ0)− λ(ρ0)||∞||∇2uδ0||2 + ||∇(λ(ρδ0)− λ(ρ0))||∞||divuδ0||2)
≤ Cδ → 0, as δ → 0. (5.11)
which follows that
uδ0 → u0, in H2(R2),
and √
ρδ0u
δ
0(1 + |x|
α
2 )→ √ρ0u0)(1 + |x|
α
2 ), in L2(R2),
Clearly,
||ρδ0 − ρ0||W 2,q → 0, ||(ρδ0 − ρ0)(1 + |x|α1)||1, and ||(∇uδ0 −∇u0)|x|
α
2 ||2
as δ → 0. Thus, since the uniform-in-δ bounds we have, the approximation solution
(ρδ , uδ,Hδ) converge to the solution (ρ, u,H) with the regularity (1.12) to the problem
(1.1)-(1.4) with the initial data (1.6).
Finally, the regularity (1.12) of the solution implies that it is a classical solution by the
Sobolev embedding inequalities and Aubin-Lions Lemma(refer to the last subsection or
Section 5 in [30]).
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5.3 Proof of Theorem 1.6
The approximation of the initial data have been constructed in [31] for compressible
Navier-Stokes equations, we rewrite these for MHD equation here for the completeness.
Since lim
|x|→+∞
ρ0 = ρ˜ > 0, there exists a large number M > 0 such that if |x| > M ,
ρ0(x) ≥ ρ˜2 . Then, for any 0 < δ < ρ˜2 , we define
ρδ0(x) =


ρ0(x) + δ, if |x| ≤M,
ρ0(x) + δs(x), if M ≤ |x| ≤M + 1,
ρ0(x), if |x| ≥M + 1,
(5.12)
where s(x) = s(|x|) is a smooth and describing function satisfying s(x) ≡ 1 if |x| ≤ M
and s(x) = 0 if |x| ≥ M + 1. Similarly, one can construct the approximation of the initial
pressure P δ0. Then the approximate of the velocity u
δ
0 can be the same to the above one
shown in proof of Theorem 1.1. We omit it here. Hence, the uniform estimates show that
the approximation solution (ρδ, uδ,Hδ) converge to the solution (ρ, u,H) with the regularity
(1.15) to the problem (1.1)-(1.4) with the initial data (1.6).
Finally, the regularity (1.15) of the solution implies that it is a classical solution by the
Sobolev embedding inequalities and Aubin-Lions Lemma(refer to the last subsection or
Section 5 in [30]).
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